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■ Abstract. The coinvariant algebra of a Weyl group plays a fundamental role in 
several areas of mathematics. The fake degrees are the graded multiplicities of the 

, irreducible modules of a Weyl group in its coinvariant algebra, and they were com- 

puted by Steinberg, Lusztig and Beynon-Lusztig. In this paper we formulate a notion 
of spin coinvariant algebra for every Weyl group and compute all the spin fake de- 
, grees, which are by definition the graded multiplicities of the simple modules of a 

■ spin Weyl group in the spin coinvariant algebra. The spin fake degrees are all shown 
^ \ to be palindromic polynomials. 

> 

Contents 

1. Introduction 2 

1.1. B ackground 2 

>^'. 1.2. Goal 3 

\ 1.3. Formulation 3 

lO ■ 1.4. Main results 4 

, 1.5. Connections 5 

■ 1.6. Organization 5 

■ 2. The preliminaries 6 

2.1. Weyl groups 6 

2.2. Spin Weyl groups 7 

2.3. Clifford algebra 8 
^ I 2.4. Simple modules of superalgebras S 

■ 2.5. Split conjugacy classes 10 

3. Spin coinvariant algebras and spin fake degrees IC 

3.1. Spin coinvariant algebras IC 

3.2. Morita super-equivalence 11 

3.3. Basic spin module 12 

3.4. A multiplicity identity 14 

3.5. Spin fake degrees 15 

3.6. Spin Molien's formula 16 

3.7. Palindromicity 18 

4. The spin fake degrees of type Bn 18 

4.1. Structure of the algebra CB~ 18 

4.2. Split classes for Bn ll9 



2010 Mathematics Subject Classification. Primary 20C25. 

1 



2 



BALTERA AND WANG 



4.3. Simple Ci?~-modules 

4.4. The characteristic map for CB~ 

4.5. Spin fake degrees of Bn 

5. The spin fake degrees of the Hecke-CUfford algebra i^^^ 

5.1. Split classes for r„ 

5.2. Simple modules of i^^^ 

5.3. The characteristic map for 

5.4. Spin fake degrees for 

6. The spin fake degrees of type D„ (for n odd) 

6.1. Structure of the algebra CD~ for n odd 

6.2. Split classes for n odd 

6.3. Counting the simples 

6.4. Classification of simple CS'„-(super)modules 

6.5. Simple CI?~-moduIes for n odd 

6.6. Spin fake degrees of -D„ for n odd 

6.7. Hecke- Clifford algebra i^^:, for n odd 

7. The spin fake degrees of type -D„ (for n even) 

7.1. The algebra CD~ for n even 

7.2. Simple CD~-modules for n even 

7.3. Spin fake degrees of Dn for n even 

7.4. Hecke-Clifford algebra f)£)^ for n even 

8. The spin fake degrees of exceptional Weyl groups 

8.1. List of split classes 

8.2. Classification of simple modules 

8.3. Spin fake degrees 

8.4. Code 

9. Tables for spin fake degrees of exceptional types 
References 



1. Introduction 

1.1. Background. Let V be the irreducible reflection representation of a Weyl group 
W. The invariant algebra {S*V)^ and the coinvariant algebra {S*V)w of W are 
fundamental objects which have connections and applications in many areas of geometry 
and representation theory. According to Chevalley, the coinvariant algebra {S*V)w is 
a graded regular representation of W (see |Hul ILu2] ). Following Lusztig, the graded 
multiplicity of a simple VF-character p in {S*V)w is called the fake degree of p, and 
it is a polynomial in a variable t which specializes at t = 1 to the degree of p. The 
fake degrees were computed by Steinberg |Stnj in type An (where W is the symmetric 
group Sn+i), by Lusztig |Lul] for type Bn and Dn, and by Beynon-Lusztig |BLj using 
computer calculations for the exceptional types. The formulation and computation 
of fake degrees have significant applications to finite groups of Lie type, which were 
systematically developed by Lusztig [Lull ILu2| . 
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We start with a distinguished double cover W for any Weyl group W: 

(1.1) l^{l,z}^W — >W^l. 

Schur jSchj in 1911 computed the Schur multiplier for the symmetric groups 5„ and 
initiated the spin representation theory of Sn] see |Joz2j for a clear new exposition based 
on a systematic use of superalgebras. The Schur multiplier of W has been computed 
by Ihara and Yokonuma |IYj (cf. [Karj ) to be Z2 or a product of multiple copies of Z2. 
The double cover W in (jl.ip corresponds to the choice of 2-cocycle with all elements 
nontrivial in every copy of Z2. Another description of W is as follows. Assume that 
W is generated by si,...,s„ subject to the relations (siSj)"^'^ = 1 for all The 
double cover W is chosen so that the spin Weyl group algebra CW~ := CW / {z + 1) is 
then generated by ti, . . . , t„ subject to the relations {titj)"^^^ = (— l)i+'">j . One notable 
feature of CW~ is that it is naturally a superalgebra with each being odd. 

1.2. Goal. The goal of this paper is to formulate and compute the spin fake degrees 
of all simple characters of CW~ (which are the graded multiplicities in so-called spin 
coinvariant algebras), for every Weyl group W; except type A which was done and 
expressed in terms of shifted g-hook formula in [WWII IWW2j . The computation in 
this paper is carried out case-by-case. Neat closed g-hook formulas of spin fake degrees 
are obtained for W of classical types and the answers are listed explicitly in tables for 
the exceptional types. 

1.3. Formulation. The first problem which we encounter is that no natural candidate 
for a graded regular representation of CW~ is immediately available. We get around 
the difficulty as follows. 

The reflection representation F of is naturally endowed with a VF-invariant bilin- 
ear form (•, •). The Clifford (super)algebra Cly associated to (V, (•, •)) is acted upon by 
W as automorphisms, and the semi-direct product Cly xi VF is naturally a superalgebra. 
Khongsap and the second author |KWH Theorem 2.4] have established an isomorphism 
of superalgebras: 

(1.2) ^ :Clv y^W ^Clv ^CW-. 

In the case when 1^ is a symmetric group, this was established by Sergeev [Sej and 
Yamaguchi |Yaj . Modules of a superalgebra A are always assumed to have a Z2-graded 
structure compatible with the action of A unless specified otherwise. We shall denote 
by 1^1 the underlying algebra of A. 

The Clifford algebra Cly is a simple superalgebra, and hence the isomorphism (II. 2p 
induces a Morita super-equivalence between the superalgebras := Cly x W and 
CW~ (see Proposition 13. 3p . and the study of the representation theory of CW~ is 
essentially equivalent to the counterpart for Sj^y. The tensor superalgebra 

(1.3) Civ {S*V)w 

is naturally a graded regular representation of Sjyy, and hence will be called the spin 
coinvariant algebra. (This goes back to Wan and the second author |WWlj for W = 
Sn-) The graded multiplicity of a simple i^^y-character x Cly (8) {S*V)w will be 
called the spin fake degree of x s-nd denoted by P{x, t). 
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Under the Morita super-equivalence induced by ^ in (II. 2p . the simple i^^-module 
Civ is shown to correspond to the basic spin CVF~-module Bw (see Theorem 13. Sp . and 
Civ ® {S*V)w corresponds to Bw iS*V)w- Here the basic spin module Bw is the 
pullback of the simple CZy-module via a homomorphism CW~ to Civ [Mo2j . and the 
construction goes back to Schur for W = Sn (cf. |Joz2j ). The graded multiplicity of a 
simple CTF~ -character x~ in ^^w ® {S*V)w is called the spin fake degree of x~ and 
denoted by P~{x~,t). It is shown that P{x,t) and P~{x~,t) essentially coincide, up 
to a possible factor of 2 which is determined by Proposition 13.81 when x corresponds 
to x~ under the super-equivalence. 

1.4. Main results. To simplify notation, we will denote by Xn the Weyl group of 
type Xn and the associated spin group algebra as CX~ (except that in type A we write 
CS~); for example CB~ denotes the spin Weyl group algebra of type Bn- 

For W of type Bn or Dn, the split classes of W (with respect to W) were classified 
and the simple ungraded |CVl^~ [-modules were all constructed by Read [Re2j . For W 
of exceptional type G2, F^, Eq, Ej, or the split classes of W were classified (this 
was built on the work of Carter |Caj ). the simple ungraded |CM^~ [-characters were 
constructed, and the spin character tables were computed by Morris |Molj . 

By the foundational work in the module theory of superalgebras developed by Jozefiak 
[Jozlj (also cf. |CW1 Chapter 3]), the numbers of even and odd split conjugacy classes 
determine the numbers of simple CTy~-modules of type M and type Q. So, we need 
to determine which split conjugacy classes given by Read and Morris are even or odd. 
Fortunately, the parity of a split class can be determined easily by the parity of the 
number of generators in a representative of the given split class. 

In this paper we classify the simple CW~-modules, not just the ungraded simple 
ones. This turns out to be a subtle problem which requires a combination of ideas 
and approaches case-by-case. To that end, we establish some structure theorems for 
the superalgebras CW~ in type Bn and type Dn- More precisely, we establish the 
superalgebra isomorphisms (see Theorems 14.11 and 16. 2p : 

(1.4) CBn^Cln(^CSn (Vn), CDn ^ ClI (g> CSn (n odd), 

where we denote Cln the even subalgebra of Cln (we also formulate a conjecture on 
CDn for n even). The first isomorphism in (II. 4p is obtained by reinterpreting |KW3l 
Theorem 1] for Sn, where the role of C-B^ was not suspected. The construction and 
classification of simple Cl^~-modules immediately follow from such superalgebra iso- 
morphisms. For Dn with n even, we find a simple argument to upgrade Read's results 
[Re2]. 

We in addition calculate the characters of all simple C-B~-modules, and establish 
a characteristic map similar to the one by Frobenius which relates symmetric group 
representations to the ring of symmetric functions. We also provide similar construction 
and classification for the superalgebra i^^^^ . This allows us to compute a simple precise 
formula for the spin fake degrees in type Bn in terms of a specialization of the super 
Schur functions and also in terms of hook lengths and contents of a Young diagram; 
see Theorem 14.101 and Theorem 15.81 
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Note that CD~ can be regarded naturally as a subalgebra of CB~; see |KW3l 4.1]. 
We determine in a precise way how each simple CS~-module decomposes upon restric- 
tion into the simple CZ)~-modules, depending on whether n is odd or even. With this 
available, the spin fake degrees of type Dn can then be derived from those of type Bn] 
see Theorems 16.131 and I7.5[ 

For the exceptional Weyl groups, we classify the simple CVF~-modules and determine 
their types, refining the classification results of ungraded irreducibles due to Morris 
[MoT] . Then we write new code using CHEVIE |CHE| and [GAP] to compute the spin 
fake degrees in all exceptional cases, where we use the spin character tables computed 
in [Molj (in which we note a typo in the £^8 spin character table). The spin fake degrees 
of all exceptional types are tabulated in Section [9l 

All the spin fake degrees for all Weyl groups are shown to be palindromic. A similar 
palindromicity was observed for the usual fake degrees by Beynon-Lusztig |BL| . 

1.5. Connections. The formulation of spin coinvariant algebras (jl.Sp associated to 
the spin Weyl groups W has its origin in [KWlj . where the main goal was to develop 
spin Hecke algebras \Wa\ IKWH IKW21 IKW3j . The spin (affine nil) Hecke algebras 
have recently played a basic role in categorification of quantum supergroups. The same 
double covers W also featured naturally in the recent work of Ciubotaru together with 
Barbasch and Trapa (see [BCT^ ICiu] ) in connection with Springer correspondence and 
affine Hecke algebras. It would be very interesting to understand why exactly the same 
spin Weyl groups appear in so diverse settings and to develop any possible connections. 

In Lusztig's work |Lu2j . the fake degrees were related to the generic degrees arising 
from Hecke algebras. In type A, the generic degrees coincide with the fake degrees 
|Stn| . Recently, the spin generic degrees were formulated and computed in terms of 
(quantum) spin Hecke algebras of type A |WW3j , and they were shown to coincide with 
the spin fake degrees of Sn (computed in |WWlj ). The quantum spin Hecke algebras 
beyond type A have yet to be formulated. 

There has been various works (see Broue-Malle- Michel [BMMj and references therein) 
attempting to generalize to the setting of complex reflection groups various connections 
among Weyl groups, Hecke algebras and finite groups of Lie type. Our work can be 
formally regarded as a step toward generalization in the direction of spin Weyl groups. 

1.6. Organization. The paper is organized as follows. 

The preliminary Section [2] reviews the double covers W of Weyl groups and some 
basics on the module theory of superalgebras. 

In Section [3l we formulate the spin coinvariant algebras, and define the spin fake 
degrees for the superalgebras CW~ and S)\y. We formulate Morita super-equivalence 
of superalgebras, and show that the basic spin CVK~-module corresponds to the Sj^r- 
module Cly via a Morita super-equivalence. 

In Section HI the first isomorphism for CB~ in (II. 4p is established. We construct 
and classify the simple Ci?~-modules, compute their characters, and establish a char- 
acteristic map. Then we reduce the computation of the spin fake degrees for simple 
C-B~-modules to their counterparts for simple i^^^-modules, which is carried out in 
Section [5l 
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In Section [6] where n is set to be odd, the second isomorphism for CD^ in (11.40 
is estabhshed. The simple CL'~-modules are constructed and classified. The relation 
between simple modules of CB~ and CD~ is worked out precisely. This allows us to 
reduce the computation of spin fake degrees for Dn to the counterparts for 

Section [7] on spin fake degrees of Dn for n even is the counterpart of Section [6] (which 
was for n odd), though the detail depends much on the parity of n. 

The simple CVK~-modules are classified and the spin fake degrees of the exceptional 
Weyl groups are computed in Section [8] using the spin Molien's formula given in Sec- 
tion O the spin fake degrees of exceptional types are tabulated in Section [H 

Convention. An (associative) superalgehra is a Z2-graded algebra A = Aq® Ai 
such that AiAj C Aj+j. A module over a superalgebra A is always understood in this 
paper as a Z2-graded ^-module M = Mq © Mj whose grading is compatible with the 
action of A, i.e. AiMj C Mj+j. We shall denote by |^| the underlying algebra of A 
with Z2-grading forgotten, and by \M\ the |^|-module. 

Acknowledgments. The first author gratefully acknowledge the support of a UVA 
semester fellowship. The second author is partially supported by an NSF grant DMS- 
1101268. GAP and CHEVIE are used in the computations of spin fake degrees for 
exceptional Weyl groups. 

2. The preliminaries 

In this preliminary section, we review various known facts and set up notations for 
later use. 

2.1. Weyl groups. Let W be an (irreducible) finite Weyl group with the following 
presentation: 

(2.1) (Sl, . . . ,S„|(SiSj)'"^^ = 1, TTT-n = 1, Ulij = TTlji £ Z>2,ioT 1 ^ j) . 

For a Weyl group W, the integers rriij take values in {1, 2, 3, 4, 6}, and they are specified 
by the following Coxeter-Dynkin diagrams whose vertices correspond to the generators 
of W. By convention, we only mark the edge connecting i,j with rriij > 4. We have 
rriij = 3 for i / j connected by an unmarked edge, and rriij = 2 if i, j are not connected 
by an edge. 
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2.2. Spin Weyl groups. The Schur multipliers for finite Weyl groups W have been 
computed by Ihara and Yokonuma |IYj . The explicit generators and relations for the 
corresponding covering groups of W can be found in Karpilovsky [Karl Table 7.1]. 

In this paper (as in |KW1| ). we shall be concerned exclusively with a distinguished 
double covering VF of M^: 



1 



W 



W 



(2.2) 

We denote by Z2 = and by ti a fixed preimage of the generators Sj of W for 

each i. The group W is generated by z, ii, . . . , with relations 



(2.3) 



1, 



{iiij) 



if rrii 
if nij 



1,3 
2,4,6. 



The quotient algebra of CW by the ideal generated by 2; + 1 is denoted by CW~ and 
called the spin Weyl group algebra associated to W . Denote by tj S CW' the image of 
ti. The spin Weyl group algebra CVF~ has the following uniform presentation: CW~ 
is the algebra generated by tj, 1 < i < n, subject to the relations 

(2.4) {titj^^^ = (-l)"^«^+i. 

The algebra CVF" has a natural superalgebra structure by letting each ti be odd. 
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Example 2.1. Let W be the Weyl group of type A^, B^, or D^- Then the spin Weyl 
group algebra CW~ is generated by ti , . . . , tn with the labeling as in the Coxeter-Dynkin 
diagrams and the explicit relations summarized in the following Table A. 



Table A: Relations for classical spin Weyl group algebras 



Type of W 


Defining Relations for CW 


A-n 


t'i = 1, titi+iti = ti+iijti+i if 1 < i < n, 
{titjf = -1 if > 1 


Bn 


ti, . . . , tn-i satisfy the relations for CW^^ ^, 
4 = 1, = -1 if i/n-l,n, 


Dn 


ti, . . . , tn~i satisfy the relations for CW^ , 
tl = 1, {titnf = -1 if i / n - 2, n, 

^71— 2^n^n— 2 ^n^n— 2^n 



2.3. Clifford algebra. Denote by V the irreducible reflection representation of di- 
mension n of the Weyl group W (which is the Cartan subalgebra of the corresponding 
simple Lie algebra). In the case of type An, W is the symmetric group Sn+i- 

Note that V carries a T4^-invariant nondegenerate bilinear form (•,•), and let Cly 
be the Clifford algebra associated to (V, (•,•)). Denote by /3j the generator of Cly 
corresponding to the simple root ai normalized with = 1. Note that Cly is naturally 
a superalgebra with each /3j being odd. We identify V with a suitable subspace of C™ 
(for values of m see Table B below), and then describe the simple roots for q using 
a standard orthonormal basis {ej} of C™. It follows that (oj, aj) = — 2 cos(7r/mjj). Let 
Clm denote the Clifford algebra of C™ which is generated hy ci, ... ,Cm subject to the 
relations 



(2.5) 



1, 



-CjCi if i / j. 



(Here Cj corresponds to the basis element Cj.) It is convenient to identify Cly as a 
subalgebra of Clm (see Table B); we may also identify Cly with Cln and shall do so 
whenever convenient. 
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Type of W 


m 


Generators for Cly 




n + l 


Pi = ^{ci- Cj+i), 1 <i<n 




Bn 


n 


Pi = 7f (Ci - Cj+l), 1 < i < n - I, Pn = Cn 


Dn 


n 


Pi = - Ci+i), 1 < i < n - 1, /3„ = ^(c„,-i + c„,) 


Eg 


8 


Pi = ^(Cl + C8 - C2 - C3 - C4 - C5 - C6 - C7) 

/32 = -^(01 + 02), Pi = ^(ci_i +Ci_2),3 < i < 8 


E7 


8 


the subset of /3j in ii^g, 1 < i < 7 


Eq 


8 


the subset of /3j in E'g, 1 < i < 6 




4 


Pi = -^(.Cl - C2), P2 = ^(C2 - C3) 
P3 = C3,P4 = ^{C4 - C1-C2- C3) 


G2 


3 


Pi = 75(C1 - C2), /32 = 75(-2Ci +C2 + C3) 



The action of on 1/ preserves the bilinear form (•, •) and thus W acts as automor- 
phisms of the algebra Cly- This gives rise to a semi-direct product 

S)\y := Civ X W, 

which is called the Hecke- Clifford algebra for W. The algebra S)\y naturally inherits 
the superalgebra structure by letting elements in W be even and each Pi be odd. 

2.4. Simple modules of superalgebras. In this subsection, we shall recall some 
standard facts about semisimple superalgebras from [Jozlj (cf. |Klej . or a forthcoming 
book [CW] ). 

The space of all (r + s) x (r + s) matrices, denoted by M{r\s), is a superalgebra with 
the following grading, with the matrices expressed in (r, s)-block form: 



M{r\s)i 



The set of 2n x 2n matrices Q{n) 



A 








D 



M{r\s) 






B 


c 






A 


B ' 


B 


A 


n\n 


). 



, with A, B arbitrary nxn matrices. 



Both M{r\s) and Q{n) are simple superalgebras. A classical theorem due to Wall 
states that all finite-dimensional simple associative superalgebras over C are isomorphic 
to either M{r\s) or Q{n), for suitable r,s or n. 

Theorem 2.2 (Super Wedderburn's Theorem). Let A be a finite- dimensional semisim- 
ple associative superalgebra. Then 

m g 
A^0M(ri|sOe0Q(n,). 

i=i j=i 

As in the ungraded case, each simple A-module will be annihilated by all but one of 
the simple summands in Theorem l2.21 Since there are two types of simple superalgebras, 
there will also be two types of simple A-modules. We say that a simple ^-module is of 
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type Mif the summand which does not annihilate it is of the form M(ri\si), and of type 
Q if this summand is of the form Q{nj). The fohowing generahzation of Schur's lemma 
distinguishes between them. 

Lemma 2.3 (Super Schur's Lemma). Let M and L be simple A-modules. Then 

{1 if M = L of type M, 
2 if M = L of type Q, 
^/ M^L. 

Remark 2.4. Let ^ be a finite-dimensional C-superalgebra. A type M simple A-module 
remains simple as an |A|-module, while a type Q simple ^-module becomes a sum of 
two non-isomorphic simple |A|-modules; see [Jozlj . 

2.5. Split conjugacy classes. We now consider the conjugacy classes of W and W. 
All the elements of a given conjugacy class have the same parity, so we can describe 
each conjugacy class in W as either even or odd. 

Let K he a conjugacy class of W. Then 6~^{K) is either a single conjugacy class of 
W, or splits into two as 6~^{K) = K U zK; in the latter case, we say that K, K, and 
zK are split classes. We say x & W is split (which actually depends on W) if it belongs 
to a split conjugacy class. If we denote 0~^{z) = {x, zx}, x is split if and only if x and 
zx are not conjugate in W . 

Proposition 2.5. [Jozl^ Proposition 4.14] The number of even split conjugacy classes 
of W is equal to the total number of simple CW~ -modules. The number of odd split 
conjugacy classes is equal to the number of simple CW~ -modules of type Q. 

3. Spin coinvariant algebras and spin fake degrees 

In this section we formulate the notion of spin coinvariant algebras and then the spin 
fake degrees. The Morita super-equivalence between the spin Weyl group algebras and 
the Hecke-Clifford algebras plays an essential role. We also formulate a spin version of 
Molien's formula for later use in computing the spin fake degrees for the exceptional 
Weyl groups. 

3.1. Spin coinvariant algebras. Let A be a superalgebra. We shall denote by A-mol) 
the category of (finite-dimensional) modules of the superalgebra A (with morphisms of 
degree one allowed). There is a parity reversing functor 

n : A-mod — > A-mod, 

which sends M = Mq + Mj to IIM with (nM)g = Mj and (nM)j = Mq. The 
underlying even subcategory A-modQ, which consists of the same objects as A-mod but 
only even morphisms, is an abelian category. We define the Grothendieck group R{A) 
of the category ^-mo9 to be the Z-module generated by all objects in A-tnoc) subject 
to the following two relations: (i) [IIM] = [M], (ii) [M] = [L] + [N], for all L,M,N in 
A-mod satisfying a short exact sequence 0— )-L— )-M— t-A^— t-O with even morphisms. 

Given two superalgebras A and B, we view the tensor product of superalgebras A 
B as a, superalgebra with multiplication defined by 

(3.1) (a(g)6)(a'(g)6') = (-l)'^"''''(aa'®65') {a,a' £ A, b,b' £ B) 
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where \b\ denotes the Z2-degree of b, etc. Also, we shall use short-hand notation ah 
for (a (8) 6) £ A B, a = a 1, and 6 = 1 (8) 6. We recall the following isomorphism, 
which extends an earlier result of Sergeev [Se] and Yamaguchi [Ya] in type A (cf. e.g. 
|WW20 . 

Proposition 3.1. [KWll Theorem 2.4] We have an isomorphism of superalgebras: 

^:Clv Xi W ^Clv(^CW~, 

which extends the identity map on Cly and sends Si i— )• —y/ —ll3iti,\/i. The inverse map 
^ is the extension of the identity map on Cly which sends ti i— >• \/—ll3iSi,yi. 

As in Section 12.31 we shall refer to := Cly x CW as the Hecke- Clifford su- 
per algebra. 

Also as in Section 12. 3|, the Weyl group W acts on V as its reflection representa- 
tion, and then on the symmetric algebra 5"*^. The coinvariant algebra {S*V)w = 
S*V/{{S*V)^), where {{S*V)^) denotes the ideal generated by the homogeneous W- 
invariants of positive degrees. A classical theorem of Chevalley states that {S*V)w = 
®j.{S''V)w is a graded regular representation of W (cf. |Huj ) . 

Definition 3.2. The spin coinvariant algebra for W is defined to be Cly {S*V)w- 
Note that 

Cly O {S*V)w = 0C/y {S''V)w 

k 

is a graded regular representation of the Hecke- Clifford superalgebra S^^y, where Cly 
acts by left multiplication on the first tensor factor and W acts diagonally, and this 
justifies the terminology in Definition 13.21 More generally, given a VF-module M, 
Cly (g) M is naturally an i^^-module. 

3.2. Morita super-equivalence. Recall that Cln is a simple superalgebra, with a 
unique (up to isomorphism) irreducible module U. The module U is of type M for n 
even and of type Q for n odd. We have dim U = 2^ for n = 2k or n = 2k — 1. 

Assume that a superalgebra isomorphism Cln A = B exists for two superalgebras 
A and B. Then the two exact functors 

:S = U(g)- -.A-mod — > B-mod, 

(3.2) 

6 = Homci„ ([/,-) -.B-mod — > A-mod, 

define a Morita super-equivalence in the following sense (cf. jKle) Proposition 13.2.2]). 

Proposition 3.3. Assume that two superalgebras A, B satisfy a superalgebra isomor- 
phism Cln (E) A = B. Let ^, (S be defined as in ()3.2p . 

(1) Suppose that n is even. Then the two functors 5 and are equivalences of 
categories such that 6 = id, 6 o J = id. 

(2) Suppose that n is odd. Then 5^ o 6 ^ id H, © o 5 ^ id n. Moreover, J 
induces a bisection between the isoclasses of irreducible A-modules of type M and 
the isoclasses of irreducible B-modules of type Q. Also © induces a bisection 
between the isoclasses of irreducible B-modules of type M and the isoclasses of 
irreducible A-modules of type Q. 
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In particular, the Hecke-Clifford algebra Sj^y = Cly x CW and the spin Weyl group 
algebra CVK~ are Morita super-equivalent by Proposition 13.11 

3.3. Basic spin module. In |Mo2| . Morris studied the same double cover W as in 
(j2.2p . and showed that there exists a surjective superalgebra homomorphism 



(3.3) ^-.CW- ^Clv, ti^fSi^i. 

By pulling back the unique simple module U of the Clifford superalgebra Cly via 
the homomorphism il, we obtain a distinguished CTy~-module, called the basic spin 
module, which we shall denote by Bw- This is a natural generalization of the classical 
construction for CS~ due to Schur |Schj (see |Joz3j ). 

The character of the basic spin module U oiCln (with standard generators ci, . . . , Cn) 
will be useful in later computations; we recall it here. Let c/ = Cj^ . . . Cj^ be associated 
with an (ordered) subset / = {ii, . . . , ip} of {1, . . . , n}, and C0 = 1. 

Proposition 3.4. |Joz2l Section 3C] The character value of U at ci is equal to 

1/0, 

2^ if I = 0, and n = 2k or 2k + 1. 

The following property of basic spin modules plays a fundamental role in the formu- 
lation of the notion of spin fake degrees. 

Theorem 3.5. Let W be an arbitrary Weyl group, with V its irreducible reflection 
representation. Then 

(1) The basic spin CW^ -module Bw is simple, of type M if dimV^ is even and of 
type Q if dimV is odd. 

(2) 6(C/y) ^ Bw as CW~ -modules. 

(3) Cly is a simple -module always of type M. 

Proof. Since Q : CW~ — )■ Cly in (13. 3p is surjective, the CIF~-module Bw, as the 
pullback of the simple C/y-module U via Q, must be simple and its type comes from 
the type of the simple C/y-module U, whence (1). 

Part (3) follows immediately by (2) and Proposition 13.31 

So it remains to prove (2). The proof is case-by-case, and there are 2 main ap- 
proaches: one via character computation and the other by dimension counting. 
The first approach is to verify by a character computation that as i^^-modules, 

(3.4) SiBw) = l^^l', ifdiml/iseven, 
^ ' ^ ' \CI®^, if dim!/ is odd. 

Indeed for type this isomorphism is a special case of Lemma 15.31 below (where A is 
a one-row partition (n)). The verification for types A and D can also be read off from 
the proof of Lemma l5.3| since CS~ and 'CD~ are naturally subalgebras of CB~ . 

Since Cly is a simple superalgebra with simple module U, &{Clv) = iiomciy{U,Clv) 
has dimension equal to dim U (which is the same as dim Bw)- Then Part (2) for a given 
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Weyl group W is valid if the following holds for W: 

(3.5) Bw is the unique simple CM/^~-module of minimal dimension, 

and the minimal dimension is equal to dim U. 

It turns out (j3.5p holds for exceptional Weyl groups EQ,E'r,Es, according to the 
degrees of all spin simple characters computed by Morris |Molj ; alternatively, it can be 
read off from Table [3] to Table [5] in Section [9l Actually it can also be easily observed 
that (j3.5p holds for Bn and Dn from the construction and classification of the simple 
CVF~-modules in later sections (see Propositions 14.31 16.101 17.3p . This gives a second 
proof in types Bn and Dn- But we do not know how to check (j3.5p directly for type 
An, though the degrees of simple characters are well known since Schur (cf. |Joz2j ). 

However, (j3.5p is not true for G2 and -F4. In these two cases, we verify (j3.4p by a 
direct character computation as follows. We shall freely use |Molj and our Section [8] 
below on exceptional Weyl groups. 

The three simple spin characters of CG^ are all of degree 2 and type M, and they 
have different values on the conjugacy class with admissible diagram G2 (for which 
we can choose tit2 as a representative; cf. \Ca\ Section 3, ex. (ii)]). Hence, to show 
()3.4p (with dimV^ = 2) it suffices to check that both sides of ()3.4p take the same 
(nonzero) character value at si,S2. We refer to Table B for formulas of /3i and ^2- The 
action of S1S2 on d{Bw) = U Bw is given by $(51^2) = /3i/32 • ^1^2- The trace of 
/3i/52 = - :^(ciC2 - C1C3 + C2C3) on U is -\/3. Since ^l{tit2) = /3i/?2, we see 
that the trace of tit2 on Bw is also —1/3. (Note this is the opposite of the value given 
in |Mol[ Table VI], as we have made a different choice of CG2 conjugacy class in the 
preimage of the CGg conjugacy class in question.) Hence the character value of S1S2 
on d{Bw) is (-\/3)2 = 3. 

On the other hand, the character of S1S2 on Cly is also 3 by the following computa- 
tion: 

S1S2-1 = 1, 

siS2./3i = si(/3i + V3(32) = 2/3i + Vs/Js, 
S1S2-/32 = -si/32 = -\/3/3i - /32, 
siS2-/3i/32 = /3i/32- 

Hence ([331) holds for G2. 

Now consider the case of F4. Following Morris |Molj and Read |Rel] . there are 
two simple spin characters of CF^ of minimal degree 4 (both of type M); they have 
opposite character values on the conjugacy class with admissible diagram i?2- Read 
|ReH Table 1] provides the representative element t2ts for this conjugacy class, and we 
will use this element to compute character values. 

We identify Cly with CI4, and refer to Table B for formulas of Pi. Since 0(42^3) = 
we see that the trace of t2t3 on Bp^ is equal to the trace of /32/?3 = -^£203 ~ on 

U, which is —2^/2. (Note this is the opposite of the value given in |Moll Table VII], as 
we have made a different choice of the split conjugacy class in question. It is, however. 
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the same as the value given in |Rell Table 1].) Thus the character of ^{Bp^) = U ®Bf4^ 
on 42^3 is (-2\/2) dim U = -8V^. 
On the other hand, we consider 

^feis) = -/32S2/33S3 = -(/32/33 + \/2)s2S3 G ^F^- 

A direct yet lengthy computation shows that the matrix of the operator ^{t2tz) acting 
on Cly with respect to the ordered basis 

{1, /3i , /32, /33, /34, /3i/32, /3i/33, /3i/34, /32/33, /32/34, 

/33/34, /3i/32/33, /3i/32/34, /3i/33/34, /32/33/34, PihPM 

has its diagonal given by 

diag (-\/2, -\/2, -\/2, 0, -\/2, -\/2, 0, - ^2, 0, -\/2, 0, 0, -\/2, 0, 0, 0). 

Thus the character of Cly on '^{t2tz) is —81/2, agreeing with "^{Bpi)- Hence (13. 4p holds 
for F4. 

The proof of (2) and hence of the proposition is now completed. □ 

Remark 3.6. Let W = Sn- If we choose to work with the reflection representation C"' 
which is not irreducible as in [Sel \Ys\ IKWll IWa| . Cln is a simple {Cln xi 5,i)-module, 
now of type Q. Theorem 13.51 in such a setting was stated without proof in |WWlj . 

3.4. A multiplicity identity. Let M be a M^-module, E a CVF~-module, and F an 
^P^-module. Then the tensor product E ® M \s a CVF~ -module under the action 

(3.6) ti{u ® x) = {tiu) ® {six) 1 < i <n,u £ E,x £ M. 
Additionally, the tensor product F Cg) M is an i^^-module via 

(3.7) /3j(u (g) x) = (/3jn) (8) X, Sj(ii (8> x) = (sju) (g) (sjx) 

ioi 1 <i <n,u £ F,x £ M. 

The following tensor identity is a straightforward generalization of [WWH Lemma 
3.1], and it can be proved in the same way. 

Lemma 3.7. Let M be a W -module. Then there is a CW~ -module isomorphism 

(3{Clv) O M ^ 6(C/y <S) M); 

that is, Homely {U, Civ) Homciy{U,Clv ® M). 

Using the Morita super-equivalence of Proposition 13.31 in the context of Proposi- 
tion 13.11 we can relate the multiplicity problem for a CVF~-module and that for a 
iOy[/-module as follows. We will abuse notation to sometimes use module and character 
names interchangeably, and denote a module and its associated character by the same 
notation. 

Proposition 3.8. Suppose M is a W -module. Let x a simple S^y^'(^^(^''"^'^i^'^> ^'^^ 
X~ the corresponding simple CW~ -character under the Morita super- equivalence. Let 
ruy- = dim Hom^,^^^ (x, C/ y Cg) M) and ni~ = dim Hom^m- {x~ , Bw ® M) . Then 

{m^ if n is even, 

2m^ if n is odd and x is of type M, 
if n is odd and x is of type Q. 
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Proof. By definition and Lemma 12.3^ we have 

(3.8) Clv®M= m^x® Irn^X, 

X type M X type q 

and 

(3.9) Bw®M= m^x'® ^"^x^"- 

X- type M type q 

Hence, by Proposition 13.31 Theorem 13.51 Lemma 13.71 and (jS.Sp . 
Bw®M = e{Clv) ® M 
^ (S{Clv ® M) 

= rn^Hx)® ^m^6(x) 
X type M X type q 

^ f 0x type M "^xX" e ©X type q \rn^X~ if n even 
1 ©X type M '^xX~ ® ©X type q "^xX^ if ^ odd. 



Comparing this with (|3.9p gives the result desired. □ 

3.5. Spin fake degrees. Let x be a simple character of S^\[r, and let x~ be a sim- 
ple character of CW" corresponding to x under the Morita super-equivalence as in 
Proposition 13.31 Define 



(3.10) 



(3.11) 



Pw{x,t) = ^dimHomy,c^(x,C/y ® {S^V)w)t^ , 

k 

Pw (X" .t) = Y, dim HomcH/- {x~ , Bw ® {S^V)w)t^\ 

k 

Hw{x,t) = 5^dimHom^c^(x,C/v® S'=^)^^ 

k 

Hw (X" ,t) = Yl HomcH/- (X^ , Bw ® S^V)t'' . 



We will refer to H\y{x, t) informally as the graded multiplicity of x in the i^^^-module 
Clv®S*V, and refer to H^{x~ ^t) as the graded multiplicity of in the CVF~-module 
Bw ® S*V. 

Definition 3.9. Pwix^t) is called the spin fake degree of the simple i^^y-character X) 
and P^{x~ ,t) is called the spin fake degree of the simple CM^~-character x~ ■ 

Remark 3.10. The fake degrees of a Weyl group W are the graded multiplicities of 
simple VF-modules in the coinvariant algebra of W (cf. Lusztig |Lu2] ). 

The spin coinvariant algebra and spin fake degrees for the symmetric group Sn were 
first formulated and computed by Wan and the second author jWWlj . and the termi- 
nology of spin fake degrees first appeared in |WW2| . 
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Let di, . . . ,dn be the degrees of the Weyl group W (cf. [Hu^ ILu2] ): we recall their 
values in the classical cases in Table C. 



Table C: Degrees of classical Weyl groups W 



Type 




Bn 




Degrees 


2,3,...,n + l 


2,4,. ..,2n 


2,4, . . . ,2n - 2,n 



Recall (cf. |Huj ) the algebra of W^- invariants in S*V is a polynomial algebra whose 
Hilbert polynomial is given by 

1 



(3.12) H{iS*Vr,t) 



nr=i(i-*'^^ 



Lemma 3.11. Let x be a simple S^^/^- character and x he a simple CW -character. 
Then Pwix,t) = ^W'(x,t)nr=i(l -i'O, andP^ix-,t) = H^ix- ,t)Utii^ - 1"^)- 

Proof. Follows by definition (see (IS.lOp . (jS.lip and (I3.12P ) and the classical theorem of 
Chevalley (cf. [Hu]) that S*V ^ {S*V)^ ® {S*V)w as graded P^-modules. □ 

The main goal of this paper is to compute the spin fake degrees Pwix^t) a^id 
P^{x~ji) foi' every Weyl group W. Lemma [3.111 allows us to do the computations 
for the series i/vF(X5*) aiid i7,^(x~,t) instead. Proposition 13.81 allows us to transfer 
back and forth any computation between H]y{x,t) and H^{x~ ,t). The computations 
of all these multiplicities, which are formulated for simple (graded) CM^~-modules, can 
be readily translated into the multiplicities of simple (ungraded) |CW~|-modules (with 
some possible factors of 2 which can be determined case- by-case). 

3.6. Spin Molien's formula. Recall the double cover 6 : W ^ W from (j2.2p . 

Lemma 3.12. Let ip be a simple character of CW~ (or, equivalently, of W where z 
acts as —1), and let x G W. Then ip{x) = 0, unless x gW is even split. 

Proof. Let M be the (Z2-graded) module of W underlying ^p. For x odd, x switches 
the even and odd parts of M, and hence the trace of x on M is zero, i.e., ip(x) = 0. 

If X is even and non-split, then x is conjugate to zx by definition. So we have the 
trace identity on M: tr(x) = ti{zx) = — tr(x), since z acts by —1 on M. Hence again 
^p{x) = tr(x) = 0. □ 

Let t be an indeterminate. We formally set 

Stv = 

We shall denote by (x) the conjugacy class of x G W, and Cx the centralizer of x in 
W. The following proposition is a variation on Molien's formula, which will be useful 
in the case of exceptional Weyl groups later on. For a finite group G, we denote by G^* 
the set of even split conjugacy classes of G. 
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Proposition 3.13 (Spin Molien's formula). Let W be a Weyl group, and let x~ be 
a simple CW~ -character. Then the graded multiplicity of x~ ^he CW~ -module 
Bw'^S*V is 

, .^_sr x~(^)M^)|gw 

^lyU 2^ |C,|det(l-te)' 

where x is chosen such that x = 9{x). 

Proof. The character values of the VF-modules Bw and S*V are all real. Using the 
standard VF-character inner product (•,•), we compute 

H^{X- ,t) = {x^ ,Bw ® StV) 

= {x-,Bw^Y.^'iS^V)) 



IT^ E X"(5)tr(x-i)|B^.(^tr(x-i)|5.vi'' 

1 ^ X~{x)tT^{x)\Bw 



2\W\ ^ det(l-te) 

x&W 

We first reorganize this sum over conjugacy classes (5?) of W. By Lemma 13.121 we 
may restrict (x) to even split classes from now on. The split conjugacy classes in 
W are obtained as half of the inverse image of split conjugacy classes in W, that is, 
(x) U z{x) = 9~^{{x)). The classes (x) and z{x) are of the same size (as the class (x)), 
but have opposite character values. We may reorganize the sum now over even split 
conjugacy classes of W. The details are as follows: 

1 X~(^)tr(x)|g^y _ 1 x^{x)tv{x)\By^, 



2\W\ ^ det(l-tx) 2 ^ |C^|det(l -ix) 



\CJ det(l - tx) 

The proposition is proved. □ 
We have the following corollary of Proposition 13.131 thanks to Lemma 13.111 

Corollary 3.14. Let W be a Weyl group with degrees di, . . . ,dn, and let x~ be a simple 
CW~ -character. Then the spin fake degree of x~ is 



^^(^ ^ |C.|det(l-tx) -n(l 



n 



where x is chosen such that x 
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3.7. Palindromicity. Let us summarize a symmetry property shared by all spin fake 
degrees for all Weyl groups below. We thank Ching Hung Lam for a very helpful 
remark. 

Theorem 3.15. For any Weyl group W , the spin fake degrees for CW~ are palin- 
dromic. More precisely, for every irreducible character x~ of CW~ , we have 

p^{x~,t) = t''p^{x~,t~^), 

where N is the number of reflections in the Weyl group W . 

The values of here for each Weyl group are recalled in Table D below. 



Table D: Number N of reflections in W 



Type 




Dn Eq 


Ej 


Es 


Fi 


G2 


N 


n(n+l)/2 


n{n — 1) 36 


63 


120 


24 


6 



Proof. The proof requires a case-by-case check; see Propositions 14. IH 16.141 17.61 and 
18.41 for cases other than type A; they rely on the explicit formulas of spin fake degrees 
in these cases, which we will compute in the subsequent sections. 

Now let W = Sn type An-i- The simple CS'^-modules are parameterized by strict 
partitions A of n, and the corresponding spin fake degrees Pg^{X,t) were computed in 
[WWII Theorem A] (cf. |WW2j ). The formula for Pg^{X,t) is in terms of n(A) given 
in (|4.5p . contents cn, and shifted hook lengths Hq, and we refer to loc. cit. for detailed 
definitions. It is actually clear that P^(A,t) = t''P^(A,t~^) for some shift integer a, 
since one observes that P^(A,t) is a product of factors of the form (1 it t*)^^. So it 
remains to determine the shift number a, which is the sum of the highest and the lowest 
powers of t appearing in P^(A,i). Thus 

a = 2n{X) + ^^^±^+Y,{co-hh) 

□eA* 

n'^ + n — 2 , , , , V — n 

= 2n(A) + (2n(A) + n - l) = , 

which is the number of reflections in 5.„. □ 

Remark 3.16. A similar palindromicity property holds for the usual fake degrees, see 
Beynon-Lusztig |BH Proposition A], which can be regarded as a variant of Poincare 
duality. However, the shift numbers for the usual fake degrees depend on the irreducible 
characters (as well as on the Weyl groups). 

4. The spin fake degrees of type Bn 

4.1. Structure of the algebra CB^. We shall simply write the Weyl group of type 
Bn as Bn, its double cover as Bn, and the spin Weyl group algebra as CB~ . Recall the 
generators /3j for Cly from Table B, where V is the reflection representation of a Weyl 
group W (in this case Bn), and note that we can identify Cly and Cln. The following 
is a new formulation of Khongsap-Wang |KW31 Theorem 1] in the case of which 
now describes the structure of the superalgebra CB~ . 
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Theorem 4.1. There is an isomorphism of superalgebras 

0^ : CB~ A Cln ® CSn, 

t- ^ I ^'^^ ifi<n-l, 
' \ Cn ifi = n. 

The inverse map sends Si i— )• /3jtj and Ci i— )• tjti+i • • • tn-itntn-i ■ ■ ■ ti+iti for all possible 
i. (Note each Si is even here.) 

Proof. Following |KW3l Theorem 1] we denote by Cln xi- CS~ the superalgebra gen- 
erated by Cln and CSn with the additional relation that tiCj = —Cj'ti for all Our 
simple yet new observation here is that there is a natural identification of superalgebras 

(4.1) c5-Ac/„x_cs- 

by sending tj i— for i = 1, . . . , n — 1, and t„ i— )• c„. To that end, it suffices to check 
that tn^iCntn^iCn = - Cntn-iCnt-n-i in C/„ XI _ CSn - Indeed, 

tn—lC-ntn—lC-n — Cn—ltn—lC-n—ltn—l — Cn—\Cntn—ltn—l 
— C-nC-n—ltn—lin—l — Cntn~lCntn~l- 

On the other hand, we have an explicit isomorphism C/„ xi„ CS" = Cln CSn, 
which extends the identity map on Cln and sends ti i— )• /3jSi for i < n — 1, by jKW31 
Theorem 1] specialized for W = Sn- Now the theorem follows from this isomorphism 
and the identification (|4.ip . □ 

4.2. Split classes for i?„. Let V be the set of all partitions, OV the set of all odd 
partitions, and £V the set of all even partitions. For a partition A of n, we write | A| = n 
and denote A h n. 

With the identification Z2 = {+,—}, an element x in i?„ = xi 5^ is a product 
of positive and negative cycles of various lengths. Collecting the lengths of positive 
(respectively, negative) cycles together gives us a partition (respectively, /?_), and 
we say x is of type {p+,p-). It is well known |Mac|. I, Appendix B] that the conjugacy 
classes of the group Bn are parameterized by the types of total size n. For example, 
the identity element of Bn has type ((1"),0). 

Lemma 4.2. (cf [Re2] ) 

(1) The split conjugacy classes of Bn are the classes of the following types: 

(a) ip+,p.)GiOV,£V); 

(b) {p+,p-) £ (0,7^) (only when n is odd). 

(2) The split classes of type (/9+,p_) G {OV,SV) are even while those of type 
{p+,P-) G (0,7^) are odd. 

Proof. (1) is exactly jRe21 Theorem 4.1], where Read uses the terminology a-regular 
to refer to split classes. 

Since all generators ti are odd, the parity of an element ti-^ . . .ti^, and thus of its 
conjugacy class, is equal to the parity of k. Now (2) follows by counting the number of 
generators in a representative element of each conjugacy class as given in |Re2] . □ 
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4.3. Simple C-B,7 -modules. It follows from Proposition 12.51 and Lemma 14.21 that all 
simple modules of Bn for n even (respectively, n odd) are of type M (respectively, type 
Q). Denote by the Specht module associated to a partition A. Recall the unique 
simple CZy-module U. The pullback of the simple (Cly ^ C5n)-module C/ (X" 5^^ via the 
isomorphism (j)^ is a simple Ci?~-module, which is denoted by -B^. 

Proposition 4.3. {-B'*'|A h n} is a complete set of pairwise inequivalent simple CB~- 
modules, all of type M when n is even, and all of type Q when n is odd. 

Proof. This follows directly from the isomorphism in Theorem 14. 11 note that the CSn 
is purely even and that the Ci?~-module U is of type M if and only if n is even. □ 

Remark 4.4. The ungraded simple modules for CB~ have been classified and con- 
structed in completely different approaches by Read |Re21 Theorem 5.1] (also cf. Stem- 
bridge [Stm^ Theorem 9.2]). In light of Remark l2.4l Proposition 14.31 allows us to recover 
easily Read's classification of irreducible ungraded modules. 

Next we shall determine the character of B'^. We choose the canonical positive cycle 
in Ci?~ which permutes a through a + to be tata+i ■ ■ -ta+k-i, and the canonical 
negative cycle in CB^ which permutes those same elements to be tata+i • • • ta+fc-i^a+fc; 
where 

(4.2) bn = tn, bi = tibi+iti, for < i < n - 1. 

(In particular, bi i— t- Cj under the isomorphism in Theorem 14. 1[ ) The representative 
element for the conjugacy class of type (a, /3) is the product of the corresponding 
canonical cycles. Let be the character value of the Specht module 5^^ evaluated 
on elements of Sn of type fi. Given partitions a, /3, we denote by a U /3 the partition 
obtained by collecting and rearranging the parts from a and /3. By Lemma 14.21 the 
even split conjugacy classes of Bn are parametrized by the types {a, 13) G {OV^EV), 
which are in bijection with the partitions of n by taking a U /?; we will use such an 
identification below whenever it is convenient. 

Proposition 4.5. The character value of the simple CB~ -module B^ at an even split 
element of type (a,/3) G {OV,SV) is 



Proof. The proof is mainly based on Theorem 14.11 and Proposition 14.31 

Let X £ CB~ be a representative element of type (a,/3) G {OVjSV). When we 
compute the character value of Bx at x, i.e., the character value of C/® S''^ at (j)^{x) G 
Civ ^ CSn (for the isomorphism (j)^ see Proposition 14. 3p . we may ignore all nontrivial 
products of Cj by Proposition 13.41 




if n is even, 
if n is odd. 



(p^itaia+l • • • ta+k-l'f'a+k) —Pa " " " Pa+k-l^a+kSa ' ' ' Sq 
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We write x as a product of cycles x = bja. For a positive {k + l)-cycle with k even, 
the image of the canonical cycle is 

(p^itata+l ■ ■ ■ ta+k-l) =Pa ' ' ' f^a+k-l^a ' ' ' ^a+fc-l 

k 

=2~2[caCa+l - CaCa+2 - 1 + Ca+lCa+2) ' ' ■ 

■ {Ca+k-2Ca+k~l — Ca+k~-2Ca+k — 1 + Ca+k~lCa+k)Sa ■ ■ ■ Sa+k-1 

k k 

=2~2 (-1) • • • Sa+k-1 + (terms with Cj). 
For a negative {k + l)-cycle with k odd, the image of the canonical cycle is 

= 2~2{CaCa+l - CaCa+2 - 1 + Ca+lCa+2) ' ' ' 

■ {Ca+k-3Ca+k-2 — Ca+k-3Ca+k-l — 1 + Ca+k-~2Ca+k~l) 

■ {Ca+k~lCa+k — l)'Sa • • • Sa+k-1 

=2 2(-l) 2 Sa- ■■ Sa+k-1 + [terms with a). 
Multiplying these together, we have 

4> (x) = 2 2 (—1) 2 a + (terms with Cj). 

Thus by Proposition 13.41 the character value of at x, i.e., the character value of 
U ^ at (t)^{x) is equal to 

22 2 2 (— ij 2 Xqu/3 if n is even, 

2—2 ^(-l)^X^u/3 if is odd, 

which is the same as given in the proposition. □ 

Remark 4.6. Read |Re2j chooses representative elements which differ from ours in the 
use of {—l)"'~^bi in place of 6j, but this difference in sign does not affect the computation 
of characters. The character formula in Proposition 14.51 agrees with that computed by 
Read |Re21 Theorems 3.5, 5.1], and so our labeling of the simple (graded or ungraded) 
characters is consistent with Read (cf. Remark 14. 4p . Stembridge |Stmj used a form of 
the basic spin module Bb^ resulting from — /3j rather than /3j, and so his Ci?~ -modules 
differ from ours by a tensor with sgn. 

4.4. The characteristic map for CB~ . Let R{CB^) be the Grothendieck group of 
the category of Ci3~-modules. If we replace isomorphism classes of modules by their 
characters, it becomes a free abelian group with a basis made up of the irreducible 
characters. Now define 

00 

R- = ^R{CB-), 

n=0 

when RiCB^) = Z. Set Rq := Q®z R~ . 

We shall define a ring structure on R~ as follows. Let Ci?~ „ be the subalgebra 
of CS~_|_^ generated by Ci3~ x CB~ . For a CS^-module M and a Ci?^-module A^, 
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M <^ N is naturally a CB^ ^-module, and we define the product 

[M] • [N] = [CB,7,+„ (M ® N)], 

and then extend by Z-bilinearity. It follows from the properties of the induced charac- 
ters that the multiplication on R~ is commutative and associative. 

Given Ci?~ -modules M, N, we define a bilinear form on i?^ by letting 



Denote by A the ring of symmetric functions in infinitely many variables, which is 
the Z-span of the monomial symmetric functions mx for X £ V, and let Aq = Q 0z A. 
There is a standard bilinear form (•, •) on A such that the Schur functions sx form an 
orthonormal basis for A. The ring Aq admits several other distinguished bases: the 
complete homogeneous symmetric functions {hx}, the elementary symmetric functions 
{ex}, and the power-sum symmetric functions {px}- See |Macj . 

Now define the (spin) characteristic map ch~ : — > Aq as the linear map 



where 4> £ R{CB~), (j){X) is the character value of (j) at an element of type (a,/3) with 
a U /? = A and a E OV and f3 G £V, and zx is the order of the centralizer in Sn of an 
element of cycle type A. 



when |A| is odd. 

Proof. Recall that the characters of the irreducible modules B^ for X £ V, defined in 
Proposition 14.31 form a basis for R~ . This becomes an orthonormal basis if we divide 
the characters of of type Q modules B^ by \/2, thanks to the super version of Schur's 
Lemma, Lemma 12.31 this happens exactly when n is odd by Proposition 14. 3[ 

By plugging the character values of -B^ computed in Proposition 14.31 to (j4.4p , the 
characteristic map ch~ sends the elements of this orthonormal basis to the correspond- 
ing Schur functions, so it is an isometry. 

It remains to check that ch~ is an algebra homomorphism. Let G R{CB^) and 
X G R{CB~), and consider the image of their product under the characteristic map. 
When splitting A = (a, (3) G (CP, £V)m+ri into partitions /i h m, h n, we will write 
a^,ai, for the corresponding pieces of a. 



(4.3) 



(M, N) = dimHom^^- (M, N). 




(4.4) 






Ahm+n 




Ahm+n 




Ahm+n fiUv=x 
p!rm,v\-n 
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=ch {(f))ch (x). 

In the equation (:*:) above, we have used a formula for the character value {(j)x){^), 
which can be established in a completely analogous way as for Lemma [5. 51 below. This 
proves the theorem. □ 



4.5. Spin fake degrees of For a partition A = (Ai, A2, . . .) of n, denote 
(4.5) n(A) = ^(i - 1)A, 

i>l 



We denote by /in the hook length associated to a cell □ in the Young diagram of A; 
the content associated to a cell □ is defined to be the difference between the column 
number and the row number of □. 

Example 4.8. For A = (4, 3, 1), the hook lengths are listed in the corresponding cells 
of the left-hand diagram, and the contents in the corresponding cells of the right-hand 
diagram as follows: 



6 


4 


3 


1 


4 


2 


1 




1 












1 


2 


3 


-1 





1 




-2 









In this case, n(A) = 5. 

Introduce a parity function 

0, if n is even, 

1, if 71 is odd. 

Theorem 4.9. The graded multiplicity of in the CB~ -module B ® S*V is 

1 + ^2^0 + 1 



p{n) 



F,jA,t) = 2^WtMA)n^ 



□ 6A 



Proof. We will compute the graded multiplicities for the simple i^^^-modules K'^ in 
Cln ® S*V in Theorem 15.71 The theorem follows from Lemma 15.31 Theorem 15.71 and 
Proposition 13. 8[ □ 



The following is equivalent to Theorem l4.9l bv Lemma [3.11l and use of the well-known 
fact that the degrees of Bn are 2,4,..., 2n. 

Theorem 4.10. The spin fake degree of B^, for A h n, is 

P^JA, t) = 2^(")t2"(A) ^ +J (1 - t'){l -t^)...{l-t 

We have the following palindromicity of the spin fake degrees for Bn- 
Proposition 4.11. For A h n, we have P^^{X,t) = t^'^ P^^{X,t~^). 



2n\ 
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Proof. Observe that Pg^(A,t) = t"'P^^{X,t ^) for some integer a, since each of its 
factors is of the form (1 it t*)^^. It remains to determine the shift number a, which is 
the sum of the highest power of t appearing in P^^{X,t) with nonzero coefficient, and 
the lowest. Thus 

a = 2n{\) + n{n + 1) + ^(2cn + 1) - 2 ^ /in + 2n(A) 

□6A DeA 



4n(A) + + 2n + 2 ^(cn - 



□eA 

= 4n(A) + + 2n + 2(n(A') - n{X) - (n(A) + n(A') + n)) = n^. 
The proposition is proved. □ 

5. The spin fake degrees of the Hecke-Clifford algebra i^^^ 

In this section we will work with the Hecke-Clifford algebra in order to complete the 
computation of spin fake degrees of type i?„ (see the proof of Theorem 14. 9p . 

5.1. Split classes for r„. We first realize the Hecke-Clifford algebra i^^^ as a spin 
group algebra for a finite group F^. Define the semidirect product 

which as a group is isomorphic to a wreath product (Z2 x Z2)" x Sn- So it is well 
known (see [Mac! I, Appendix B]) that its conjugacy classes Cp are parametrized by 

quadruples of partitions p = {p++,p-\ ,p |_,p ) of total size n, where the second 

signs in the subscripts are understood to correspond to the second factor in Z2 x Z2 

(which has its origin from Denote by £{p) = £{p+^) + i{p^ ) -|- i{p |_) -|- i{p ). 

Consider a finite group 

n„ = (oi, . . . ,a„, zlaf = = IjOjOj = zajai,aiZ = zai), 

and write the generators oi Bn = 1^ ^ as ti, . . . , r„, si, . . . , Sn-i, where Tj is a 
generator of the it\i copy of Z2. Then the semidirect product r„ = n„ x Bn is a group 
such that z is central, cijSj — SjCig^^j^, and 

\zajTi \ii = j 

The group r„ is a double cover of r.„ : 

Introduce the spin group algebra CF^ := Cr„/ {z + 1). The quotient algebra CH^/ {z + 
1) is identified with Cln by Oj 1— )• q, which leads to a natural identification of the 
superalgebras 

(5.1) 

where the superalgebra structure on CT^ is given by letting each be odd and each 
Si and Ti be even. We feel free to use the identification (jS.ip below: while i^^^ appears 
to be super-equivalent to CB^ , CF^ allows one to appeal to finite group techniques. 
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The support of a (signed) permutation a G i?„ is supp((T) = {i|l < i < n,a{i) ^ i}, 
and for an (ordered) subset I = {ii, . . . ,ir}, we denote a/ = a^^ . . . Oj^, and similarly 
for T/. An arbitrary element z*aiTja E Tn may be written as a product 

z*aiTja = z*{ai^Tj^ai) ■ ■ ■ {aj^Tj^Gk), 

where * G {0, 1}, a = cJi • • • 0"^ E Sn is a product of disjoint cycles, and Ia-,Ja ^ 
supp((Ta) for sl\ 1 < a < k. Note that |/| = '}2\=i 

Let Cp be a split conjugacy class of r„. Then its inverse image in r„ is 6~^{Cp) = 
U zC^. In particular, we can make sense of split classes in r„ and r„ as before. 

Proposition 5.1. Let Cp he a conjugacy class ofT^- Then Cp is even split if and only 
ifp€{OV,£V,9,^). 

Proof. (=►) Let Cp be an even conjugacy class of Tn- 

Case 1: Suppose p4-+ ^ OV. Then has at least one even part, so 9~^{Cp) contains 
a product of disjoint cycles of the form ajTja = (!,..., r){ai^Tj^a2) ■ ■ ■ {aJ^TJ|^al), where 
r is even; note |/| is also even, since Cp is even. We compute the following conjugation 
of ajTja: 

0'i},Mi'^J^)(^i-r = «r...i(l, • • • ,r)ai,,,rZ^^^''{ai^Tj2a2) • • • (ai^Tj^ai) 
= ar...ia2...rai{l, ■ ■ ■ ,r){ai2Tj^a2) ■ ■ ■ {ajiTj^ai) 
= zajTja. 

Thus Cp does not split if p++ ^ OV. 

Case 2: Suppose ^ SV. Then has an odd part, so 6~^{Cp) contains an 

element of the form ajTja = (ri(l, . . . , r)){ai^Tj^a2) ■ ■ ■ (aj^Tj^ai), where r is odd; note 
\I\ = is even, since Cp is even. We compute the following conjugation: 

"'i}.Ml'^J^)^^-r = ar...iTi(l, ■ ■ . ,r)ai,,,rZ^^^''{aj^Tj2a2) ■ ■ ■ (ai^Tj^ai) = zajTja, 

where we used ar...iTi(l, . . . , r)ai,,,r = -Z''"ia,....ia2...r-ai(l, . . . , r) = zti{1, . . . ,r). 
Thus Cp does not split ii p^ ^ SV. 

Case 3: Suppose p |_ / 0. Then 9~^{Cp) contains an element ajTja of the form 

(ai(l, . . . , r))(a/2Tj2(T2) • • • (a/,rj;CJ;). Note \I\ is even, since Cp is even. We compute 
the following conjugation: 

(ai(l, . . . ,r)y^{ajTja){ai{l, . . . ,r)) 

= {ai2Tj2(T2) • • • {ai,Tj^ai){ai{l, . . . ,r)) 
= zl'^l"^oi(l, . . . ,r){ai^Tj^a2) ■ ■ ■ {ajiTj^ai) 
= zajTja. 

Thus Cp does not split if p h / (3- 

Case 4: Suppose p ^ 0. Then 6^^{Cp) contains an element of the form ajTja = 

{aiTj{l • ■ ■ r)){ai2Tj2(T2) • • • {cLjiTj^ai), where j G {1, . . . , r}. Note |/| is even, since Cp is 
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even. We compute the fohowing conjugation: 

(aiTj(l, . . . ,r))~^{aiTja){aiTj{l, . . . ,r)) 

= (0/27-^2^^2) • • • iai^Tj^ai){aiTj{l, . . . ,r)) 

= zl-^l~^aiTj(l, . . . ,r){ai^Tj^(T2) ■ ■ ■ (ai^Tj^ai) 
= zajTja. 

Thus Cp does not spht if p / 0. 

Hence, we have shown that if Cp is even spht then p G {OV ,£V 

(<;=) Suppose p G {OV, £7^,9,9). Then the conjugacy class Cp is clearly even. 

Suppose Cp does not split, i.e. any x € Cp is conjugate to zx. Take an element in 
6~^{Cp) of the form r/^cr = cJi . . . crp(rfc^cj^) • • • {Tk^cr'^), with each cjj an odd cycle, each 

cr^ an even cycle, p = i{p++),q = i{p^ ), ki G supp((j-), and a = ai . . . apa'i ■ ■ ■ cTg a 

product of disjoint cycles. 

Since Cp does not split, there exists ajt G n„, x Bn such that ajtrxcr = zTxcrajt. 
Then we must have zaj = aTKcr(J)) supp(rA'0") C J, and trxcr = Txcrt. On the other 
hand, we compute 

«rA't7(J) = TK(yaj{TK(r)~^ 

= CTi . . . o-p(rfc^cri) • • • {Tkyg)aj{TKa)~'^ 
= zq+\p++\+\p+-\-Hp++)-iip+-)aj 

= zl^++l-^(^++)aj = aj 
which is a contradiction to zaj = o^^.ct(,/)- So Cp must split. □ 

For p G {OV ,£V the split class 0~^(Cp) is a disjoint union of two conjugacy 
classes; if we denote the class containing an element of B^ by C^, then the other is 
zC+, and 9-^{Cp) = C+ U zC+ . 

5.2. Simple modules of ^D^^- Propositions 13.3) and 14.3) imply that the simple 
modules are parametrized by A h n, and that they are all of type M. We shall con- 
struct them explicitly, and then match them with the Ci?~-modules B'^ via the super- 
equivalence in Proposition 13. 3[ 

We adopt the convention that c_j = — Cj for 1 < i < n. The algebra acts on the 
Clifford algebra Cln by the formulas 

Ci-{Ci-^Ci2 . . .) = CiCi^Ci^ . . . , (T.(Cj-^Cj2 • • •) ~ ^ a- {1-1)^0- {12) • • • ' 

for a G Bn and all i. This i^^ -module Cln is called the basic spin module. 

Lemma 5.2. The character value of the basic spin S)''^^-module at an even split con- 
jugacy class Cp is equal to 2^^^^ for p G {OV,£V,$,$), and elsewhere. 

Proof. Let a = ai . . . a£ £ Bn be a product of disjoint signed cycles of type p. The 
elements c/ := Hie/ (which are defined up to a nonessential sign) for / C {1, . . . , n} 
form a basis of the basic spin module C/„ . Observe that crc/ = c/ if / is a union of a 
subset of the supports supp(cjp) for 1 < p < i{a); otherwise ac[ is equal to ±cj for 
some J ^ I. Hence the lemma follows. □ 
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Let A h n. Via pullback of the canonical projection i?„ = Z2 x — )■ S„, the Specht 
module is endowed with a -B,i-module structure. Then 

(5.2) := Cln ® 

is naturally a module over = Cln x -Bn (and hence also a module of the group r„), 
where C/„ acts by left multiplication on the first tensor factor and Bn acts diagonally. 

Denote by 99^ the character of the module (of the group r„). Note that the 
character value 99'^ (x) is zero unless x is even split. There is a canonical bijection 
between the types p = (a, /3, 0, 0) in (CP, EV, 0, 0) such that |a| + |/3| = n and partitions 
of n (by taking a U /5), and we shall denote the resulting partition by p again by abuse 
of notation. Note also that x G implies that x~^ G . By Lemma 15.21 and the 
definition (|5.2p . we conclude that 

(5.3) the character value i^^ix) at x G is 2^^^^x% 

where we recall Xp denotes the character value of at an element in Sn of cycle type 
P- 

Thanks to the isomorphism $ : CT~ = i^^^ = Cly x — ?• Cly ® CB~ from 
Proposition 13.11 for W = Bn, the Morita super-equivalence in Proposition 13.31 applies. 
Further computation is necessary to determine which simple C-B~ -module corresponds 
under the super-equivalence to the simple -module iT'^. 

Lemma 5.3. The S)''Q^^-module corresponds to the CB~ -module B'^ under the bi- 
jection induced by & in Proposition \3.3[ 

Proof. We shall compute the characters of the modules U ® B^ of (and hence of 

r„) on an arbitrary even split class. A canonical representative for an even split class of 

Tn of type (/9++,p_| ,0,0) G {OV ,£V can always be chosen inside the subgroup 

Bn as follows. We choose the canonical positive (-l--l-)-cycle inside Bn which permutes 
a through a -|- A; to be • • • s^+fc-i) ^ind the canonical negative (H — )-cycle inside Bn 
which permutes those same elements to be Sa ■ ■ ■ Sa+k-i^a+k- A representative element 
for the conjugacy class of type (a, /3, 0, 0) is chosen to be a product of such disjoint 
canonical cycles of the appropriate lengths, so that the supports of negative cycles are 
bigger than those of positive cycles. 

Let hjCT be such a canonical representative element of the conjugacy class of type 

(p++,;0_| ,0,0), and consider the images of its component cycles under Since there 

will be no cancellation between cycles, by Proposition 13.41 we may ignore terms con- 
taining nontrivial products of q. 

Consider an odd positive {k + \)-cyc\e Sa - • • Sa+k-i in bja, for k even. Similar to the 
proof of Proposition 14.51 we compute 

k 

^{Sa ■ ■ ■ Sa+k^l) = (-l)''+2/3„t„ . . . /3a+k-lta+k-l 

(5.4) = (-l)^+l + ^/3„ . . . ^a+k-lta ■ ■ ■ ta+k-l 

= 2^^-lf''+^^ta ■ ■ ■ ta+k-l + (terms involving a) 

k k 

= 2~2 (-1) . . . ta+k-l + (terms involving a). 
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Now consider an even negative {k + l)-cycle Sa - ■ ■ Sa+k-iTa+k in bja, for k odd. 
Recall Tj is the generator of the ith copy of Z2 inside Bn, and bi is defined in ()4.2p for 
1 < i < n. By |KW2t Lemma 5.4], we have 

(5.5) $(ri) = {-l)''-'-hibi, for 1 < i < n. 

As the positive cycles have supports in terms of smaller numbers than the negative 
cycles, we must have n — a = 1 mod 2. Using this parity condition. Table B for type 
Bn, (|5.4p and (15. 5p . we compute 

^{Sa ■ ■ -Sa+k-lTa+k) 

= + ^-1/3, . . . f3a+k-lta ■ ■ ■ ta+k-lCa+kha+k 

_k fc(fc-i) _ 

= 2 2 (-1) 2 . . . ta+k-iba+k + (terms involving a) 

k — k 

= 2"2 (-1)^-+ ta--- ta+k-iba+k + (terms involving a) 

_k fc+1 

= 2 2(-l) 2 •• -ta+fc-iba+fc + (terms involving Cj). 

Here the last identity follows since ^-5-^ + 1 = mod 2 whenever k is odd. 
Multiplying the images of canonical cycles together, we obtain 

^{bja) = 2 2 (—1) 2 a + (terms involving Cj). 

So the character value oiU ® B"^ on bja is 

2^(P++UP+-)yA ^ jg g^g^ 

''V-;y^_|_U/y-|- — 

2^(p++Up+~)+l^A jf ^ ig Q^jj 

which is equal to the character value of on ^{bja) when n is even, and twice that 
(since B^ is of type Q) when n is odd; see (15. 3p . □ 

Proposition 5.4. {i^'^jA h n} is a complete list of pairwise inequivalent simple 
modules, all of type M. 

Proof. By Proposition 14.31 and Lemma 15.31 {K^ | A h n} are pairwise inequivalent 
simple i^^^-modules, all of type M. As we already know by Proposition 15 . 1 1 that the total 
number of simple modules is the number of partitions of n, the proof is completed. □ 

5.3. The characteristic map for Let R~{Tn) be the Grothendieck group of 

the category of Cr~-modules, which can also be identified with the free abelian group 
with a basis made up of the irreducible Cr~-characters. Define 

i? = 0i?-(r„), 

n=Q 

where R~{Tq) = 7L. 

We shall define a ring structure on R as follows. For a CF~ -module M and a CF^- 
module A^, we define the product 

[M] • [AT] = [CF„+, ®cr^xcr- ® 
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and then extend by Z-bilinearity. It follows from the properties of the induced charac- 
ters that the multiplication on R is commutative and associative. Given Cr~ -modules 
M, A^, we define a bilinear form on R by letting 

(5.6) (M, N) = dimHomj^p- (M, A^). 

Now define the characteristic map ch : ^ — t- A as the linear map 
di{4>) = ^z;i2-^('^)<A^p^, for (p G R~{Tn). 

p!rn 

Lemma 5.5. Let (f) e R' {Tm),4' <^ R~ {Tn) , and 7 G (CP, 0, 0). Then 

where the sum is taken over a, /3 £ {OV, £V, 0, 0) such that 7 = a U /3. 

Proof. Let g G Tm+n be an element of type 7. By [Mac! I, Appendix B, (3.1)], the 
order of the centralizer in r„ of an element of type p = (a,/3,0, 0) G (CP, f^P, 0, 0) is 

Zq,z^4^^"^'^\ Now we compute 



If m,n| = 

'ttl m+n 



■ n+m\ 



|rm,n||C| I 



92^(7) 2 ^ 

' J2 4>{a)m\Ct\\C^ 



m!ri!22'»+2i 

aU/3=7 

- ^!^!22m+2n 2^ "^^"^"^^^^ ^^22^ i^22W 

The lemma is proved. □ 

Theorem 5.6. The characteristic map ch : R ^ A is an isometric isomorphism of 
graded algebras, which sends [K"^] to s\ for all X. 

Proof. Recall that the character cp^ of the irreducible module is '^^^"'^'^^Xaup 
elements of type (a,/3,0,0) G (OP, f P, 0, 0), and otherwise. Thus 

ch(v.^) = -.-^-^-^2-^(°-«2^(°^«x^,,p„u/3 = 

{a,i3)eiov,ev) 

This map sends an orthonormal basis for R to an orthonormal basis of A, so it is an 
isometry. 
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Now we compute the image of a product under the characteristic map. Let (p, tp be 
as in the previous lemma. Then 



ch(</..v)= Yl ^:;^'^'^^\(t>-^){i)p^ 



■yhm~\-n 

ZnZR 

7 a,l3:aUI3=-y 

SO ch is also an algebra isomorphism. □ 

5.4. Spin fake degrees for i^g^. Let x,y, and z be three (possibly infinite) sets of 
independent indeterminates. The super Schur functions and the super Cauchy identity 
are standard, and we refer to |WW21 Section 5.3] for more details. For a partition A, 
the super Schur function hsx is defined to be 

hsx{x;y) := ^ s^(x)sv/^/(?/). 
We have the following super Cauchy identity: 

Let a, b be indeterminates. The formula (*) in |Mac[ L3.3] was interpreted in |WW2[ 
(5.13)] as a specialization of hs\{x; y), by letting x = aq* = (a, aq, aq^ ^ . . .) and y = bq*: 

(5.8) hsx{aq'-M') = ,<''\{'-^. 

The following theorem was used in the proof of Theorem 14.91 earlier. 

Theorem 5.7. The graded multiplicity of the irreducible S)'^^^-module K'^ in the 
module Cly S*V is 

HsS\t) = hsxit^'-t^'^^) = t^-W n ^^'fXn - 

Dex 

Proof. The second identity follows by (j5.8p with a = l,b = t and q = t^. So it remains 
to prove the first identity. 

Let us compute the image of Cly ® StV under the characteristic map. The character 
of the basic spin Cr~-module Cly on any representative in the conjugacy class of type 
(a,/3,0,0) G {OV,£V,%,%) is 2^("^'^); we shall choose the representative to be the 
canonical element bja S Bn (with a G Sn) of type (a,/3) G {OV,£V) as in the proof 
of Lemma 15.31 

Now we compute the character value of bja on the i?„-module 5*^. We shall denote 

by £i = ^(a), 12 = £(/3), ^ = e{a) + £(/3). We write 

(7 = (1, . . . ,ai)(ai + 1, . . . , ai + 02) • • • (|a| + 1, . . . , |a| + /3i) • • • (n - /3^2 + 1, . . . ,n). 
Thus a will permute the monomial basis of S*V, fixing only those monomials 

X— . — {xiX2 ' ■ ■ ^Jqi) ^ (^^ai+l • • • ^01+02) ^ ■ ■ ■ (^Xn—f^i +l ' ' ' X-^^ ^ 
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for nonnegative integers ai, . . . ,ae. Note that 

This imphes that the character value of SfV on bja is 

ai,...,ai>0 

1 



(1 - • • • (1 - + •••(! + 
1 



(i + (_i)P.)...(i + (_t)P.)' 

where we have switched notation in the last equation using p = a\J (3 = {pi, P2, ■ ■ ■ , Pi)- 
Then the character value of Cly ® StV on hja is 

2^(p) 

(5.9) ir{hja)\a,^s.v = ^ ^_,y.y . . + ^_ty,y 

Given a power series f{u) in a variable we denote by [u'^]f{u) the coefficient of 
ti" in the series expansion of f{u). Applying the characteristic map to C/„ ® StV with 
the help of (j5.9p . we compute 

p\-n 



K]n(T3^) 



(-1). 



Ahn 

The last equation used the super Cauchy identity (|5.7p . On the other hand, since each 
is simple of type M by Proposition \bA\ we have 

c\i{Cln® StV) = Y,HBA\t) SX{X). 

Ahn 

The first identity in the theorem now follows from comparing the above two expressions 
for ch(C/n ® StV), and the linear independence of s\s. □ 

The following is equivalent to Theorem 15.71 by Lemma 13.111 and using the fact that 
the degrees of Bn are 2,4,..., 2n. 

Theorem 5.8. The spin fake degree of the irreducible Sj'^^^-module is 

P5„(A,t) = t^-W JJ ^ +J (1 - t'){l - t^) • • • (1 - t'n- 
□eA 
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6. The spin fake degrees of type Dn (for n odd) 
Let n be odd throughout this section. 

6.1. Structure of the algebra CD^ for n odd. Recall from Table A the definition 
of CD~ via generators ti, . . . and defining relations. Denote by Cl^^ C C?„ the even 
subalgebra of the Clifford superalgebra The algebra C/^ is abstractly a Clifford 
algebra in n — 1 generators CjC„ for 1 < i < n — 1. Define 

n(n—l) 

C := (-l)^~CiC2 • • • Cn G Cln- 

Note that C 

Lemma 6.1. For n odd, the element (" commutes with every c-i. Moreover, ('^ = 1. 
Proof. Follows by a direct computation. □ 

The tensor algebra C/^ (8> C5„ carries a superalgebra structure by letting each CiC„ 
be even and each Si odd, for 1 < i < n — 1. In particular, Cl^ is a purely even algebra, 
and it follows by (j3.ip that CiC„ commutes with Sj for all possible 

Theorem 6.2. For n offc/, there exists an isomorphism of superalgebras 



ti ^ 



. CD;; ^ cii ® cSn, 

{^C{ci-Ci+i)si, forl<i<n-l, 
\-^C(cn-i + Cn)s„-i, fori = n. 



(We emphasize here that each Sj is odd.) 

Proof. First note that 4>^{ti) for each i is indeed in C/^ CS'^, since n is odd. 

Recall from Theorem 14.11 the superalgebra isomorphism (p^ : C-B,^ ^ C/„ Cg" C5„. 
The images of ti for 1 < i < n — 1 under (j)^ and c/)^ differ exactly by a factor All 
the relations for CD~ which do not involve t„ in Table B are identical for types B 
and D and they all involve even numbers of these tj's, hence they are preserved by ip^ 
because = 1 and ip^ is a homomorphism. In addition, it is straightforward to check 
by definition and Lemma |6. II the remaining relations: 

{cP^{ti)cP^itn))^ = -l, fori/n-2,n, 

^ (</.^(t„)0^(t„_2))3 = 1. 

For example, we compute 

((/.^(t„)(/)^(t„„2))^ = -lc\{Cn^l + C„)(C„_2 - C„_i))3(s„„iS„_2)3 = 1. 

o 

Hence, 15^^ is an algebra homomorphism. Also, (f>^ preserves the superalgebra structures 
since (t)^{ti) and ti for each i are odd. 

To show that cj)'^ : CD' Cl^ (g) CSn is an isomorphism, it remains to verify the 
surjectivity as both algebras have the same dimension. Equivalently, it suffices to check 
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that the generators CjC„ and Sj, for 1 < i < ?i — 1, of C/^ (S> C5„ He in the image of 4>^ 
To that end, a direct computation shows that 

(6.1) (p^{ti)ci+iCn(i)^{ti, — ^i^n, 

Inductively we conclude by (j6.ip that all CjC„, and hence Cl^, lie in the image of (j)^ . 
Now we can choose Xj G CD" such that (j)^{xi) = ^/2{C,{ci — Ci+i))~^ G Cl^, for 
1 < i < n — 1. Then (f)^{xiti) = (f)^ {xi)(f)^ {ti) = Sj. Thus the homomorphism 0^ 
surjective. The theorem is proved. 



C-n—lC-ni 

CiCn, for 1 < i < n 



2. 



IS 

□ 



There is a natural inclusion |KW3l 4.1] 

(6.2) L : CD- - 

which sends tP i— (i < n — 1) and i— — i^^n-ii^, if we use superscripts to 
indicate the types of Weyl groups. By Lemma l6.H the superalgebra (C) generated by 
is isomorphic to Cli. Recall \A\ denotes the underlying algebra for a superalgebra A. 

Proposition 6.3. We have an isomorphism of algebras: 

|cz)-|x|(c)| A|Ci?-|, 



(x,0^i(rE)C, forx£\CD;^ 



0,1. 



Note that we cannot claim to have a superalgebra isomorphism C-D,„ x ((") 
since the odd element (" commutes but does not super-commute with CD~. 



Proof. If we identify CB^ = Cln CS"" as in Theorem 14. H we can naturally iden- 
tify the subalgebra i{CDn) = Cl'^ x_ C^". Putting Theorem 14. H Lemma [6.11 and 
Theorem 16.21 together, we have the following commutative diagrams, where the ho- 
momorphism j extends the natural inclusion Cl^ Cln and sends Si i— )• (si for each 



(6.3) 



CL x_ CS- 



-> CD; 



CBz 



I CD; 



\CB: 



-> \CC(^CSn\ 



It follows that C l{CD„ ) and that C commutes with i{CD^ 
proved. 



The proposition is 
□ 



Recall denotes the Specht module of Sn. Denote by U'^ the unique simple Cl^- 
module. Theorem 16.21 implies immediately the following classification of simple |C-D~|- 
modules, which was obtained by Read [Re2l Theorem 7.2] using a completely different 
construction of these simple modules. 

Corollary 6.4. Let n he odd. A complete list of pairwise inequivalent simple |CD~|- 
modules is {U^ ^ S''^ \ \ h n} . 
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6.2. Split classes for n odd. 

Lemma 6.5. Let n be odd. 

(1) The split conjugacy classes of Dn are the classes of the following types: 

(a) ip+,p-) G {OV,SV), with£{p_) even; 

(b) ip+,p-) G (0,7^), withi{p_) even. 

(2) The split classes of type {p+,p-) G {OV,£V) are even while those of type 
{p+,p-) £ (0,P) are odd. 

Proof. (1) is |Re2t Lemmas 6.4, 7.1]. (2) follows by comiting the number of generators 
in a representative element of each conjugacy class as given in |Re2] . and noting that 
each generator ti of CD~ is odd. □ 

Remark 6.6. Note that £{p+) must be odd in the case of Lemma l6.5( la). Hence the 
types of the split classes of D„ are in natural bijection with the partitions of n by 
sending i— )• /0+ U /)_ , so that the classes in (la) (respectively, (lb)) correspond 
to partitions of n of odd lengths (respectively, even lengths). 

6.3. Counting the simples. Denote by Vn the set of partitions of n, "P"*^ the set of 
partitions of n of odd length, the set of partitions of n of even length, Vn"^ the set 
of (conjugate-)symmetric partitions of n, and SOVn the set of strict odd partitions of 
n. 

Lemma 6.7. Let n he odd. 

(1) The number of simple CD~ -modules of type M is equal to either 

(a) \{Xhn:n- i{X) even}\ -\{Xhn:n- i{X) odd}\; (b) (c) IK^'^l. 

(2) The number of simple CD~ -modules of type Q is equal to either 

{a)\{Xhn:n- £{X) odd}\- (6) |{{A, A'} : A' / A G P„}|; (c) ^{\Vn\ - \V!^n)- 

Proof. Denote by m (and respectively, q) the number of simple CL'~-modules of type M 
(and respectively, type Q). Then the number of simple |CZ)~ [-modules is m + 2g, which 
should be equal to {Vnl by counting the split classes in Lemma [631 and applying Wed- 
derburn's Theorem 12.21 and Remark 12. 4i From this we easily see that (1) is consistent 
with (2), and so it suffices to prove (1). 

According to Proposition 12.51 and Lemma [6.5l m is given by (la). It is a classical fact 
that (la) = (16) = (Ic) (which is valid actually for any n). The equality (16) = (Ic) 
can be shown by an easy bijection, while the equality (la) = (16) can be established 

via a generating function identity: HiM (l + (~^)*) = nj>i(l + x'^^~^)- 

□ 

6.4. Classification of simple CS'„-(super)modules. Recall that is the character 
of the Specht module on the conjugacy class of Sn of cycle type fi. 

Lemma 6.8. Let n be odd. Then = for all n \- n of even length if and only if 
X = X'. 
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Proof. Note that 

^>^' = / ^ sgn, sgn^ = = -(-l)^M, 

which we shah use repeatedly below. 

(^) Assume A = A'. If ({n) is even, then = X^' = • sgn^ = -x^, so = 0. 

(=^) Let i>,fi\- n with even, and £(z^) odd. Then x^ = — = = x^- Also, 
X^' = Xu ■ sgiij, = (-1)"~^^''^X^ = Xu- Hence = X^' and so A = A'. □ 

Proposition 6.9. Let C5„ &e endowed with the superalgebra structure with each Si 
odd. Then a complete list of pairwise inequivalent simple CSn-modules consists of: 

(1) of type M, for Xhn with A = A'. 

(2) 5^^'^'> := e 5^' of type Q, for pairs {A, A'} with n and X'. 

Proof. Given a finite-dimension semisimple C-superalgebra A, one defines an involution 
a on ^ by letting a(a) = (— l)l'^la for homogeneous a G A. Given any |A|-module N, 
one obtains another |^|-module A^' with the same underlying vector space as A^ but 
with an action twisted by a. It is shown in jJozH Proposition 2.17] that 

(i) If A^ is a simple |A|-module but not an ^-module, then N N' and A^ © A^' 
can be endowed with a simple j4-module structure of type Q. 

(ii) If a simple |A|-module A^ can be lifted to a simple ^4- module (which must be of 
type M), then N ^ N' . 

In our setting with A = CSn, the simple CS^-modules are S^, the involution is given 
by a{a) = (— for a € Sn, and the twisted module A^' is isomorphic to N sgn. 
Now (1) follows from (ii) above and the fact that sgn = 5''* . By Lemma 16.71 we 
have obtained all simple CS^-modules of type M. Then for X ^ X' must pair with S^' 
to give rise to simple C5„-modules of type Q, by applying (i) above. That for A 7^ A' 
is not a C^n-module also follows from Lemma \6.8\ which says has non- vanishing 
character value on odd conjugacy classes. □ 

6.5. Simple CD~-modules for n odd. Recall denotes the unique simple Cl^- 
module. We introduce the following notation for n odd: 

ifA = A', 

C/0®(5^©5^') ifA/V. 



(6.4) := 



By definition D^^''^ ^ only depends on the unordered pair {A, A'}. Via the isomorphism 
(h^ from Theorem 16.21 D^^^-^ J' is a CZ)~-module. 



Proposition 6.10. Letn be odd. Then {D^^''^ J'jA h n} forms a complete set of pairwise 
inequivalent simple CD^ -modules. Moreover, D^^^-^ ^ is of type M if X = A', and of type 
Q otherwise. 

Proof. Follows from Theorem l6.2l and Proposition 16.91 by noting that Cl^ is purely even 
and the unique simple Cl^^-module is of type M. □ 

Recall the irreducible C-B~ -modules B'^ for A h n from Proposition 14. 3^ which are 
all of type Q since n is odd. Recall from (16. 2p the inclusion CD~ CB~. 
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Proposition 6.11. Let n be odd. Then 

(1) As a \CD~\-module, is a sum of two simple modules, i.e., = JJ^ ® 
U^®S^' , forXhn. 

(2) B\j^-- ^ S^'lcD- - D'^^'^'y, for Xhn with A / A'. 

(3) B^l^J- ^ (D{A,A'})e2^ ^ ^ ^i^f^ ^ ^ 

Proof. By construction, B^ = U (iS> via tlie isomorphism (j)^ , where U is the simple 
CIn-niodule of type Q. U decomposes into a sum of two copies of the CZ^-module U'^, 
on which C acts by ±1 respectively. By the (second) commutative diagram in ()6.3p . the 
action of Sj E C5„ C (f)^[CD^) on [/ 5''* is twisted by the action of (, giving rise to 
C/° ® 5^ © C/° 5^', whence (1). 

Assume A 7^ A'. Then B-^l^j^- must be isomorphic to the simple CL'~-module D^^'^'^ 
by applying (1) and Proposition 16. 101 whence (2). 

Part (3) follows by applying (1) and Proposition I6.IOI again. □ 

6.6. Spin fake degrees of Dn for n odd. Recall Bd„ is the basic spin CD^-module. 
We would like to compute 

H^JXX',t) := dimHom^^- {D^''''\Bn„ ® 

(6.5) 

^D„(AA',t) := 5^dimHomc^-(Di^'^ \Bd„ ® {S'^V)D,y. 

k 

Proposition 16. Ill allows us to reduce the computations to the type i?„ case. 

Theorem 6.12. Let n be odd. Then 

1 + t2cn+l 



H-JXX',t) = { 



□eA 



\Dex DeA 
Proof. Note that Bd„ — 'S-BnIcD"- ^° have 

Bn„ S*V - (Bb^ ® 5*y)|c^- = ^-H^JX,t)B\^^^; 

Ahn 

here the factor i arises since by Proposition 14.31 all Ci?,7-modules B^ are type Q when 
n is odd. Also, by definition 

BD^®S*V=^H^JXX',t)Di''''}® i//^^(AA',t)2?i^'^'}. 

A=A' {A.A'IA^^A'} 

By ()6.4p . Proposition 16 . 1 1 1 and a comparison of the above two expansions for BDn'^S*V , 
we have 

(6.6) (xx',t) = l^^-[^'^]' ^ , ^ '^^ = ^'; 

D-"- ' > \H^nt)+H^(x:,t), if A /A'. 
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Recall the formula for (A, t) in Theorem 14.91 We can rewrite 

(6.7) ^i^„(A',t) = 2-Wt-Wn^^, 

□eA 

with p{n) = 1, using the following identities: 

^2„{A') -Q (-^ ^ ^2cn+l) ^ -Q (^2{i-l) ^ ^2(i-l)+l) ^ ^2n{A) "Q (^2ca ^ 
□ eA' (ij)6A' DeA 

Now the theorem follows by applying to (j6.6p the formulas in Theorem 14 . 9 1 and (j6.7p . □ 

The following is equivalent to Theorem l6.12l bv Lemma r3 .111 and using the well-known 
fact that the degrees of Dn are 2, 4, . . . , 2n — 2, n. 

Theorem 6.13. Let n he odd and A h n. Then the spin fake degree Pj^ {W ,t) is 
1 _L +2cn+i '^-1 

2*'"^'^ n i_t2kn 11(1 - t'^)il - r), ^/ A = A', 

□eA i=l 
2^2n(A) n-1 



n n-,2.□^ n (1 + *"^°^') + n + 11(1 - - ^/ A / A'. 

Proposition 6.14. The following palindromicity holds for spin fake degrees of Dn, for 
all A h n: 

P. (AA',t) = r("-i)p. (AA',t-i). 



we relate Pn to Pn as follows 



P^(\\\t)={ 



Pr {\t)i ifA = A', 

(^B„(A,i) + ^BjA',t))-i^-^, if A /A'. 



Proof. Using Lemma 13.111 and (|6.6p while keeping in mind the degrees for and -D„, 

(1 - 

^' 
(\' f\\. 

(l-t2n) 

Since and (^^'i^) are palindromic with the same shift number n^, their 

sum will be as well. It remains palindromic upon multiplication by with a new 

shift number (n^ — n). □ 

6.7. Hecke-ClifTord algebra i^^,^ for n odd. Recall from Proposition 15.41 that the 
simple i^^^-modules are = Cln ® defined in (j5.2p for A h n and they are all of 
type M. 



'A I 

Otherwise, if A', then K^\^t^ is a type M simple Sj'j^^-module. 
Proof. This follows from Propositions [3T| 13. 3^ 16.101 and l6. Ill □ 



Lemma 6.15. Let n be odd. If X = X' , then K \{-jc^ is a type Q simple Sj'j^^-module. 

'A|^ 
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Denote 

HDA^X',t) :=VdimHomf,c {k\. ,Clv ® S^V)t\ 
k 

PnA^Wt) := VdimHom^^c^ {K\.^ ,Clv {S''V)DjtK 
k 

Recall the formulas for -ff^)^^ (AA', t) from Tlieorem l6.12l and the formulas for Pj^^ (A A', t) 
from Theorem I6.13[ The following proposition allows us to compute closed formulas 
for i?^„(AA',t) andPD„(AA',t). 

Proposition 6.16. Let n be odd. If X = A', then 

Hn,, (W, t) = H^^ (W, t), Pd„ (AA', t) = P^^ (AA', t). 

IfX^X', then 

HDAXX',t) = ^H^JXX',t), PDAXX',t) = ^PoJXX',t). 
Proof. This follows from Proposition [3^ and Lemma [STTTl □ 

7. The spin fake degrees of type Dn (for n even) 
Let n be even throughout this section. 

7.1. The algebra CD^ for n even. Let SOV be the set of strict odd partitions, 
i.e. those odd partitions containing no repeated parts. 

Lemma 7.1. (cf. |Re2j ) Let n be even. 

(1) The split classes ofCD~ are the classes of cycle types {p^,p^) in {OV,£V) or 
in {%,SOV), withi{p-) even. 

(2) All split classes are even. 

Proof. Part (1) was proved in |Re21 Lemma 6.4]. Since all generators ti are odd, the 
parity of an element • • • tj^., and thus of its conjugacy class, is equal to the parity of 
k. Now (2) can be extracted from |Re2j . □ 

By |Re2l Lemma 8.1], the number of these split classes in Dn is equal to the number 
of conjugacy classes of the alternating group An- In the spirit of Theorem 16.21 the work 
of Read suggests the following structure result for CD~ . 

Conjecture 7.2. For n even, we have a superalgebra isomorphism Cln'^CAn = CD", 
where CA„ is even while the n generators ofCln are odd. 

7.2. Simple CDj^-modules for 7i even. Recall the simple Ci?~-modules B'^ from 
Proposition l4.3l which are all of type M since n is even. Read |Re2l Lemma 8.4, Corollary 
8.12] has classified the ungraded irreducible CD~-modules. Recall from Proposition l4.3l 
the simple Ci?~-modules i?'^, for A h n, and set 

(7.1) D^^'^'^ := B\^-, (forneven). 



SPIN FAKE DEGREES FOR WEYL GROUPS 39 

According to Read, |Z)'f'^'^'j'| is a simple |C-D~|-module if A 7^ A'. In the case when 
A = A', D^^'^'^ is a sum of two inequivalent simple |CZ)~|-modules D^: 

(7.2) D^^'^'^ = Dl® D^. 

All these simple |CZ)~|-modules can be endowed with the structures of simple CD^- 
modules by Remark 12.41 since the graded irreducibles are all of type M, by Proposi- 
tion [23] and Lemma l7. II Hence, Read's results can be upgraded as follows. 

Proposition 7.3. Letn be even. A complete list of pairwise inequivalent simple CD^- 
modules consists of D^^'"^ ^ when A 7^ A' and when A = A', for X h n. All these 
simple CD~ -modules are of type M. 

It is well known that the simple ^„-modules are parametrized in the same way as the 
simple CD^-modules above. Read's classification of the simple |C-D~| -modules can be 
reformulated as stating that the ungraded version of the isomorphism in Conjecture l7.2l 
holds. On the other hand. Conjecture 17.21 if established by a direct and constructive 
proof, would immediately provide a new proof of the classification of simple CD~- 
modules. 

7.3. Spin fake degrees of Dn for n even. We continue the notation H^^{XX' ,t) 
and P^^(XX' ,t) from (j6.5|) when A 7^ A', now for n even. In addition, we will write 
Hj^^{X±,t) and P^^^{X±,t) to indicate the graded multiplicities of the simple modules 
in Bd„ S*V and Bd„ <8) {S*V)d„, when A = A', for n even. 

Theorem 7.4. Let n be even. Then we have 

^H-^JX^^t) = H^JX^,t) = t^-W n ^/A = A', 

□eA 

f2n{\) ( \ 

^D„(AA', t) = n (1 + *'^°^') + n (*'^° + ' ^/ ^ ^ 

Proof. As in the proof of Theorem 16.121 we write 

ICD- 



Bd^ ^ S*V - {Bb„ S*V)\^^- = 0F^JA,t)S^' 



Ahn 

?A 



since all B are type M when n is even. On the other hand, it follows by definition that 
Bd^^S*V= H^JXX',t)Di^'^'y ® ^ {H^JX+,t)Di® H^JX.,t)D^_). 

{A^A'} A=A' 

A comparison of the above two identities using (j7.ip and (j7.2p gives us 

iH^jXX',t) = H^JX,t)+H^JX',t), if A 7^ A', 
\H-JX±,t) = H-JX,t), if A = A'. 

Now the theorem follows from these two identities, the formula for Hj^^ (A, t) in Theo- 
rem |4]9l and the identity (|6.7p with p{n) = 0. □ 
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The following is equivalent to Theorem 17.41 by Lemma 13.111 and using the fact that 
the degrees of Dn are 2, 4, . . . , 2n — 2, n. 

Theorem 7.5. Let n be even. Then the spin fake degree Pj^ (AA',t) is 

P^JX^,t) = t^<') n T3I2^ 11(1 - t^^){l - n, ^fX = A', 

neA i=i 

f2n{\) , . 

n ( n (1 + *''^°^') + n (*'^° + *)) 11(1 - t^^)(x - 1"), z/ A / A'. 

Proposition 7.6. T/ie following palindromicity holds for spin fake degrees of Dn: for 
each irreducible CD~ -character x, we have P^^{x,t) = t"'^"'~^^ Pj^^{x,t~^). 

Proof. The proof is similar to that of Proposition I6.14[ □ 

7.4. Hecke- Clifford algebra i^^^^ for n even. Recall from Proposition 15.41 that the 
simple io^^ -modules are parametrized by A h n and are all of type M. 

Proposition 7.7. Let n be even. 

(1) If X ^ A', then K^\sj<:^ is a simple S)''jj^^ -module, and K'^\fj^^ = K"^'\ff^^ . 

(2) If X = A', then K^^ls^^^ is a sum of two inequivalent simple ^''j^^-modules. All 
these simple modules are of type M. 

(3) The simple modules in (1) and (2) (modulo the identifications in (1)) form a 
complete list of inequivalent simple i^j:,^ -modules. 

Proof. By Proposition 13. 11 there is a Morita super-equivalence between CD^ and i^^)^, 
and hence Proposition 13.31 applies. By Lemma 15. 3^ K'^ corresponds to under the 
super-equivalence. Now the proposition follows. □ 

The list of simple ^^,^-modules in Proposition 17.71 corresponds bijectively via the 
Morita super-equivalence to the list of simple CD~-modules in Proposition 17.31 Propo- 
sition [33] ensures that the graded multiplicities of a simple -module in Cly ® S*V 
(respectively, in Cly®{S*V)D„) are exactly the same as their counterparts in BDn®S*V 
(respectively, inBDr^® {S*V)d„) given in Section [731 

8. The spin fake degrees of exceptional Weyl groups 

Let W be an exceptional Weyl group throughout this section. 

8.1. List of split classes. We first briefly recall Carter's parametrization of conjugacy 
classes of Weyl groups by admissible diagrams |Caj as follows. Given a conjugacy class, 
choose a representative element w, and decompose it into a product of two involutions 
subject to certain conditions (see |Ca[ Section 3]). Each involution is a product of 
reflections corresponding to mutually orthogonal roots, and the admissible diagram is 
a graph whose nodes correspond to (the roots associated to) the reflections, with the 
edge between nodes corresponding to roots r and s having weight 4 |^'^^j^'^j . Many of the 
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possible graphs resemble Dynkin diagrams and are named accordingly. Carter shows 
that if w has an admissible diagram F, then so must all its conjugates [Ca^ p. 6], and 
that we may describe the conjugacy classes of any Weyl group W by such admissible 
diagrams \Ca\ pp.45]. 

Morris |Molj has determined the split conjugacy classes for the exceptional Weyl 
groups W (with the double covers W), and their descriptions are given in terms of 
Carter's parametrization by admissible diagrams. 

We also need to determine the parity of the split classes, and this can be done in 
a simple and precise manner. It turns out that the nodes of the admissible diagram 
that labels a conjugacy class of W correspond to the reflections in a certain decom- 
position of an element in that class. Since all reflections in W are odd, the parity 
of each split conjugacy class of W may be read off from the number of nodes in the 
corresponding admissible diagram. Below we summarize Morris' classification of split 
classes, enhanced by the parity separation. 

Proposition 8.1. A complete list of split classes of every exceptional Weyl group W 
is as follows. 

(Eq) There are 9 even split classes: 0, ^4) 2^2, -^4(01), 3^2, -E^6) ^^{ai), £^{02)- 
There are 4 odd split classes: D^, D^{ai), + D2, and Ai + Ai. 

(Ej) There are 13 even split classes: 0,1)4(01), A2, 2A2, 3A2, £^{02), Eq, £'e(ai), 
Ai, A4 + A2, De{ai), Aq, and Dq; 

There are 13 odd split classes: 7^1,2^43 + Ai, + 3Ai, 0^(02) + ^1, Ei{ai), 
A5 + A2, ^7(02), E7, De + Ai, ^7(03), ^7, ^7(ai), ^4 + ^i- 
(GEE) All 3,9,30 split classes of G2, E4, and Eg listed in \Mol\ §8, §9] are even. 

8.2. Classification of simple modules. Now Proposition 12.51 and Lemma l8. II allow 
us to determine the numbers of simple CW^~-modules of type M and type Q. Morris 
[Molj (also cf. Read |Rel] for F4) has determined the spin character table of all the 
ungraded simple characters of |CVK~|. It turns out that we may determine which pairs 
of ungraded simple characters add to become type Q characters of CW~ since the 
character values for any CVF~-module on the odd split classes must be 0. 

We will follow Morris's notation |Molj . referring to the irreducible spin characters 
for the exceptional Weyl groups by their degrees with a subscript s (or ss, sss, ssss, for 
multiple characters of the same degree) . In cases where two ungraded simple characters 
of the same degree add to become a type Q character (which only happens in Eq, Ej), 
we will denote the type Q character by its degree with the shortest possible subscript 
and a superscript Q. 

The Weyl group Ej is the direct product of the Chevalley group -63(2) and a cyclic 
group of order 2, where all elements in .63(2) are even while the generator ^ is 
odd. Hence the simple £'7-modules are exactly the tensor products of simple -63(2)- 
modules with the unique two-dimensional simple module of (^) (of type Q), and they 
are manifestly all of type Q. Table E summarizes the conversion between the new type 
Q notation and Morris's ungraded simple characters. 



Table E: Type Q characters as sums of ungraded simple characters 
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Eg 


Type Q character 
Ungraded characters 


120^, 
60, + 60,, 


160^ 
80, + 80,, 


40^,, 
20, + 20„ 


128^ 

64, + 64,, 






Type Q character 


16« 


96^ 


336^ 


560^ 


224« 




Ungraded characters 


8, + 8,, 


48, + 48,, 


168, + 168,, 


280, + 280,, 


112, + 112,,, 


Ej 


Type Q character 


224^, 


1024^ 


1440^ 


1120^ 


896^ 


Ungraded characters 




512, + 512,, 


720, + 720,, 


560, + 560,, 


448, + 448,, 




Type Q character 


240^ 


128^ 


128^, 








Ungraded characters 


120, + 120,, 


64, + 64,,, 









In this way, we have upgraded the results of Morris into the fohowing. 



Proposition 8.2. The types of the simple CW modules, for W an exceptional Weyl 
group, are as follows. 

(1) CEq has 5 type M simple modules 8^, 40c,, 72c,, 40ss, 120^, and 4 type Q simple 
modules 120^^, 160^, 128^. 

(2) All 13 simple CEj -modules are of type Q. 

(3) All 30 simple CE'^ -modules are of type M, as are all 9 simple CF^ -modules and 
all 3 simple CG^ -modules. 

8.3. Spin fake degrees. The main computational tool for the spin fake degrees of the 
exceptional Weyl groups is the spin Molien's formula, see Proposition 13.131 or Corol- 
lary [STTH We will implement this using CHEVIE; see code in Section [8.41 To that end, 
as inputs we shall need the spin character tables of CW~ , which were computed by 
Morris |Mol] in the ungraded setting. 

More precisely, we use the spin character tables of Morris for Eq |MoH Table III], 
Ej pVfoTl Table IV], E^ [^foTj Table V], and G2 [AfoTl Table VI]. In cases of E^^ and 
Et, we need to add suitable pairs of columns in the spin character tables to form the 
characters of type Q simple modules. 

Remark 8.3. There is a typo in the spin character table: the thirteenth entry of the 
last character should be 2 rather than —2, which is detected and corrected using the 
orthogonality relations of simple characters. 

For W of type -F4, Read has labeled its 9 simple characters as 01, . . . , ^g. See Table F 
for a comparison between Read's notation [ReT| Table 1] and Morris's [MoT| Table VII]. 



Table F: Two labelings of the spin character table for F4 



Morris's labels 


4s 4^5 8sgs Sssss 12^5 12^ 85 24^ Sss 


Read's labels 


01 02 03 04 05 06 07 08 09 



The character values which we use in the computation of the spin fake degrees for F4 
are those given by Read |ReH Table 1]. They differ by a sign in the conjugacy classes 
A2,A2, and B2 from those given by Morris [Moll Table VII] because of a different 
choice of these -F4-conjugacy classes (differing by a factor z = —1). However this does 
not affect the computation of the spin fake degrees. 

We summarize our CHEVIE computations in Proposition l8.4l and Theorem [52] below. 
Recall the values for N, the number of reflections in W, given in Table D. 
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Proposition 8.4. Let W be an arbitrary exceptional Weyl group. Then for every 
simple CW~ -character x, we have 

Pwix,t) = t''p^{x,t~'). 

Proof. Follows by inspection case-by-case from our CHEVIE computation. □ 

We exploit this property when presenting the spin fake degrees for the exceptional 
groups in Table [U through Table [5] in Section [9l In each column of the tables, we 
list only the coefficients of the spin fake degrees P^{x,t) (which are polynomials in t) 
for degrees through f . The remaining halves of coefficients can be determined via 
palindromicity in Proposition 18. 4i 

Theorem 8.5. For W exceptional, the coefficients of the spin fake degrees P[^(x,i) 
are given in Table{l\ through Tablel^in Section{^ 

Proof. These values are computed using Corollary I3.14[ The computations are per- 
formed using the GAP 3 package CHEVIE [GAP! ICHE] , and the code is given below 
in Section [531 □ 

The spin fake degrees for S^^y may be obtained via Proposition 13.81 and hence are 
skipped. 

8.4. Code. The following GAP function computes the spin fake degrees for the excep- 
tional groups by implementing the formula given in Corollary 13.141 It requires a file of 
spin character tables to have been loaded; this file formats the spin character tables for 
the exceptional groups as regular GAP character tables (in particular one can use the 
DisplayChar Table function), although not all of GAP's character table functions will 
behave as desired with the spin tables. 

# a function to compute spin fake degrees. 

# -assumes that basic spin is the first character in the spin 

# table 

# -takes t as a parameter 

# -only supports exceptional groups (needs the corresponding 

# spin tables to have been loaded) 

# 

# SpinFakeDegrees(W,t ) 

# for W an exceptional Weyl group 

# computes the 'graded multiplicities' of the W~- irreps in 

# B tensor SV_W. 

# returns a list of these multiplicities evaluated at t 
# 

SpinFakeDegrees := function ( W,t ) 

local p,q, ev, termmult, spinet, todet, ans; 

q: =X(Cyclotomics) ; 
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We set q to be an indeterminate, and at the end evaluate our answer aX, q = t. This 
allows us to use the same function to compute the spin fake degrees and their special- 
izations to any value of t. 

p:= GenericOrder(W,q) ; p. valuation :=0; 

# p is the product of (q"d -1) over the degrees d 

# this causes sign issues for E7 (expects product (l-q~d)) 

# which are fixed in the if statement later 

# 

# terminult (listl , list2) 

# returns the list whose ith elt is the product of the 

# ith elts of listl and list2 

# 

termmult:= function( listl, list2) 

return List ( [1 . .Length(listl)] , i->listl [i] *list2 [i] ) ; end; 

ev:= Ref lectionEigenvalues (W) ; 

# this is a list of eigenvalues of the reflection representation 

# by conjugacy class, but we only care 

# about the even split conjugacy classes. The following giant if 

# statement selects the appropriate classes worth of values for 

# each group, and makes sure we're looking at the right spin table. 

if W = CoxeterGroupC'G" ,2) 

then ev:= List ( [1,5,4] , i-> ev[i]); spinet := spinG2; 
elif W = CoxeterGroupC'F" ,4) 

then ev:= List ( [1,4,6,7,9, 10, 11,23,25] , i->ev[i]); spinet := spinF4; 
elif W = CoxeterGroupC'E" ,6) 

then ev:= List ( [1 ,5 , 9 , 6 , 7,4, 15 , 14, 10] , i->ev[i]); spinet := spinE6; 
elif W = CoxeterGroupC'E" ,7) 

then ev:= List ( [1 , 9 , 6 , 8, 7 , 17 , 29 , 25 , 14, 30 , 24,22 , 26] , i->ev[i]); 

spinet := spinE7; p := -p; 
elif W = CoxeterGroupC'E" ,8) 

then ev:= List( [1,8, 14, 16,62,41,44,53,57,46,33,49,64,26,56, 11, 

23,12,48,25,10,55,65,39, 

21,6,29,61,52,32], i->ev[i]); spinet := spinES; 
else Print ("Group not supported."); return false; 

fi; 

# Now to actually compute the spin fake degrees. 

# 

# todet(list) 

# takes a list of lists of eigenvalues lambda as returned by 
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# Ref lectionEigenvalues , reformats them and returns the product of 

# 1 - lambda*q for each list 
# 

todet:= X -> Product (x, n -> 1- (E (Denominator (n) ) "Numerator (n) ) *q) ; 

ans := List(ev, todet) ; # the list of determinants (det (1-phi q)) 
ans := termmult (spinet . centralizers , ans); # the list of determinants 

# times centralizer orders 
ans := List (ans, x->p/x) ; 

ans := termmult (ans , spinet . irreducibles [1] ) ; # multiply by basic spin 
ans := spinet . irreducibles*ans ; 

return List(ans, x->Value(x,t)) ; 
end; 
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9. Tables for spin fake degrees of exceptional types 

We use the notation and convention as specified in Section [8l In particular, the 
characters with superscripts Q in Table [T] through Table [5] are of type Q, and those 
without are of type M. Note that in all tables, the character of the basic spin module 
Bw is listed first. 

Table 2. Spin fake degrees for type F4 



Table 1. Spin fake 
degrees for type G2 





2s 


2ss 


9 

^sss 





1 






1 


1 




1 


2 





1 


1 


3 





2 








4s 


4ss 




^SSSS 


12ss 


12s 


8s 


24s 


8ss 





1 


















1 


1 










1 








2 













1 




1 




3 







1 


1 









2 




4 







2 


2 




1 




2 


1 


5 


1 




1 


1 


1 


2 


1 


3 


1 


6 


1 


1 








3 


3 


2 


4 





7 


1 


2 


1 


1 


4 


3 


2 


4 


2 


8 


1 


1 


3 


3 


3 


2 


3 


5 


3 


9 








3 


3 


2 


2 


2 


8 


2 


10 








2 


2 


4 


3 





9 


2 


11 


1 


2 


2 


2 


5 


4 


3 


7 


3 


12 


2 


4 


2 


2 


4 


4 


6 


6 


4 



Table 3. Spin fake degrees for type Eq 





8. 


40, 


72, 


40„ 


120, 


I20L 


160? 


40^ 


128^ 





1 


















1 


1 


1 
















2 





1 








2 








3 





1 






1 


4 








4 


1 


3 


1 




2 


4 


2 






5 


2 


4 


3 




3 


6 


4 




2 


6 


1 


4 


4 




7 


10 


6 




4 


7 


1 


5 


5 


1 


11 


14 


12 




6 


8 


2 


8 


9 


3 


13 


18 


18 


4 


12 


9 


2 


9 


13 


6 


18 


24 


24 


8 


18 


10 


1 


9 


14 


8 


27 


30 


34 


6 


24 


11 


2 


11 


19 


8 


34 


34 


44 


8 


34 


12 


4 


14 


27 


13 


39 


38 


52 


14 


44 


13 


3 


15 


29 


19 


47 


44 


64 


16 


50 


14 


1 


14 


30 


18 


55 


52 


74 


18 


60 


15 


2 


16 


35 


20 


59 


56 


80 


24 


70 


16 


4 


19 


39 


28 


62 


56 


88 


26 


72 


17 


3 


18 


40 


26 


67 


58 


92 


24 


76 


18 


2 


16 


40 


20 


70 


60 


92 


24 


80 



SPIN FAKE DEGREES FOR WEYL GROUPS 



Table 4. Spin fake degrees for type Ej 





16« 


96« 


336« 


560? 


224^ 


224?, 


1024^ 


1440^ 


1120? 


896^ 


240? 


128? 


128^, 





2 


























1 


2 


2 
























2 





2 


2 






















3 








4 


2 




















4 





2 


4 


4 






2 














5 


2 


4 


6 


4 


2 




4 


2 












6 


2 


6 


8 


6 


4 




6 


6 






2 






7 


2 


6 


10 


10 


4 




12 


10 




2 


4 






8 


2 


6 


14 


16 


6 




18 


16 


4 


4 


2 






9 


2 


8 


20 


22 


8 


2 


26 


24 


12 


6 


2 






10 


2 


10 


26 


28 


10 


4 


38 


36 


18 


14 


6 






11 


2 


12 


30 


36 


14 


4 


52 


56 


26 


22 


10 


2 


2 


12 


4 


14 


36 


46 


20 


8 


68 


80 


40 


32 


14 


4 


4 


13 


4 


18 


44 


58 


26 


14 


90 


104 


60 


50 


18 


4 


4 


14 


4 


18 


54 


72 


30 


18 


116 


136 


86 


68 


22 


8 


8 


15 


2 


18 


64 


90 


34 


22 


142 


178 


116 


90 


28 


12 


12 


16 


4 


22 


72 


108 


40 


30 


176 


222 


150 


122 


36 


14 


14 


17 


6 


28 


82 


124 


52 


40 


212 


274 


192 


154 


44 


20 


20 


18 


6 


30 


94 


142 


62 


48 


250 


334 


240 


188 


56 


26 


26 


19 


4 


30 


104 


166 


66 


58 


294 


396 


288 


234 


68 


30 


30 


20 


4 


32 


116 


190 


74 


68 


338 


462 


346 


278 


76 


38 


38 


21 


6 


36 


130 


212 


86 


82 


382 


530 


410 


322 


86 


48 


48 


22 


6 


40 


140 


234 


94 


96 


430 


600 


468 


376 


100 


52 


52 


23 


6 


40 


148 


256 


102 


104 


476 


676 


526 


424 


114 


60 


60 


24 


6 


42 


158 


278 


112 


116 


518 


748 


588 


468 


124 


70 


70 


25 


8 


46 


170 


298 


120 


132 


562 


806 


648 


520 


134 


74 


74 


26 


6 


48 


180 


316 


126 


142 


600 


866 


702 


562 


144 


82 


82 


27 


6 


46 


186 


332 


130 


146 


632 


926 


748 


594 


154 


90 


90 


28 


6 


48 


190 


346 


136 


156 


662 


968 


784 


632 


164 


92 


92 


29 


8 


52 


196 


354 


144 


166 


684 


1000 


818 


656 


168 


96 


96 


30 


8 


52 


200 


362 


148 


168 


696 


1026 


842 


668 


170 


102 


102 


31 


6 


50 


200 


368 


142 


168 


706 


1038 


848 


682 


174 


100 


100 
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Table 5. Spin fake degrees for type £"8 (Part 1) 





16a 


112s 


320s 


448s 


224s 


448ss 


1680s 


2592s 


1344s 


5600s 


4800s 


2016s 


5600ss 


9072s 


800s 




1 

2 


1 
1 




1 
1 








1 




















3 














1 




















4 



























1 








5 














1 












1 


1 






6 





1 








2 


1 













2 






7 
8 


1 
1 


2 
2 


1 
2 






2 
2 


2 
2 










1 
2 


2 

3 




1 

2 


9 





1 


1 






3 


2 










3 


5 


1 


1 


10 





1 









3 


2 










5 


8 


2 





11 


1 


2 


1 






3 


3 










7 


11 


3 


1 


12 


1 


3 


3 






5 


6 


1 




1 




7 


13 


6 


3 


13 


1 


4 


4 


1 




7 


10 


3 




4 


1 


7 


17 


8 


4 


14 


1 


4 


4 


2 




8 


11 


5 




6 


3 


10 


24 


10 


4 


15 





2 


3 


1 




8 


11 


5 




6 


3 


15 


31 


18 


4 


16 





1 


2 







8 


13 


4 




7 


3 


21 


39 


29 


5 


17 


1 


4 


4 


1 




10 


16 


8 




11 


8 


25 


50 


35 


6 


18 


2 


7 


8 


4 




14 


23 


14 


2 


21 


14 


25 


61 


42 


8 


19 


2 


8 


11 


6 


1 


16 


32 


19 


5 


32 


17 


28 


71 


57 


13 


20 


2 


7 


12 


6 


2 


16 


35 


24 


6 


38 


22 


38 


86 


75 


16 


21 


1 


5 


9 


6 


1 


17 


35 


26 


7 


45 


32 


49 


109 


97 


14 


22 





4 


6 


5 





20 


40 


30 


7 


56 


44 


59 


133 


126 


13 


23 


1 


7 


11 


6 


1 


23 


50 


41 


9 


71 


56 


67 


154 


156 


20 


24 


3 


11 


20 


12 


4 


27 


65 


55 


18 


98 


69 


71 


175 


186 


30 


25 


2 


12 


23 


18 


5 


32 


80 


71 


26 


132 


89 


76 


203 


222 


34 


26 


1 


10 


20 


19 


4 


34 


86 


85 


28 


155 


116 


92 


241 


267 


34 


27 


1 


8 


18 


16 


5 


33 


86 


90 


32 


171 


137 


117 


281 


328 


36 


28 


1 


8 


18 


15 


6 


35 


95 


98 


39 


197 


159 


138 


320 


398 


41 


29 


2 


12 


24 


21 


7 


42 


115 


125 


46 


243 


200 


146 


364 


456 


49 


30 


4 


18 


36 


34 


10 


49 


139 


159 


63 


308 


244 


150 


408 


512 


60 


31 


4 


19 


42 


43 


16 


52 


161 


183 


84 


369 


277 


165 


452 


593 


72 


32 


2 


14 


38 


39 


19 


53 


170 


203 


90 


407 


319 


194 


510 


694 


78 


33 


1 


11 


31 


35 


14 


55 


171 


220 


93 


445 


377 


228 


580 


799 


75 


34 


1 


13 


31 


39 


12 


60 


185 


241 


107 


506 


436 


253 


646 


906 


78 


35 


2 


17 


43 


48 


20 


68 


217 


284 


126 


584 


493 


265 


702 


1013 


98 


36 


4 


23 


59 


64 


29 


74 


253 


335 


157 


682 


552 


274 


758 


1118 


120 


37 


5 


25 


64 


78 


34 


78 


277 


373 


187 


782 


622 


294 


829 


1231 


128 


38 


2 


20 


55 


75 


34 


81 


283 


401 


193 


843 


705 


332 


915 


1369 


127 


39 


1 


15 


48 


65 


31 


81 


285 


421 


200 


889 


776 


379 


999 


1531 


131 


40 


3 


18 


54 


70 


35 


83 


305 


448 


227 


973 


842 


411 


1073 


1684 


145 


41 


4 


25 


68 


90 


43 


94 


346 


511 


257 


1094 


936 


417 


1145 


1804 


163 


42 


4 


30 


82 


111 


50 


105 


389 


584 


291 


1229 


1031 


419 


1218 


1924 


182 


43 


5 


30 


87 


120 


58 


106 


413 


622 


328 


1336 


1100 


449 


1292 


2080 


197 


44 


3 


24 


78 


110 


61 


104 


413 


641 


337 


1387 


1180 


501 


1380 


2257 


200 


45 





18 


65 


99 


52 


108 


413 


667 


336 


1442 


1281 


545 


1477 


2426 


196 


46 


1 


22 


69 


111 


48 


114 


437 


706 


367 


1551 


1370 


567 


1556 


2571 


204 


47 


5 


31 


92 


135 


69 


120 


482 


770 


410 


1681 


1447 


571 


1613 


2692 


233 


48 


6 


35 


110 


154 


87 


127 


525 


838 


448 


1807 


1523 


574 


1670 


2814 


261 


49 


5 


34 


107 


161 


83 


130 


540 


873 


476 


1906 


1603 


600 


1745 


2951 


263 


50 


4 


29 


92 


150 


78 


128 


527 


881 


473 


1940 


1692 


649 


1832 


3098 


252 


51 


2 


23 


82 


135 


74 


127 


522 


891 


471 


1962 


1760 


693 


1903 


3251 


254 


52 


2 


25 


90 


143 


75 


131 


549 


925 


504 


2052 


1807 


706 


1948 


3372 


271 


53 


5 


35 


111 


173 


92 


140 


592 


989 


542 


2179 


1878 


690 


1987 


3428 


291 


54 


6 


40 


124 


193 


104 


148 


624 


1047 


566 


2278 


1947 


680 


2027 


3482 


304 


55 


4 


35 


118 


186 


99 


147 


627 


1053 


580 


2316 


1974 


706 


2066 


3589 


308 


56 


3 


28 


102 


165 


93 


140 


603 


1030 


569 


2290 


2004 


753 


2112 


3694 


301 


57 


2 


25 


91 


155 


87 


139 


587 


1028 


553 


2280 


2054 


779 


2155 


3753 


289 


58 


2 


28 


97 


169 


84 


145 


609 


1055 


575 


2347 


2078 


767 


2169 


3775 


294 


59 


5 


37 


121 


193 


104 


149 


645 


1095 


608 


2420 


2079 


741 


2156 


3766 


319 


60 


8 


42 


136 


204 


122 


150 


660 


1116 


618 


2442 


2080 


730 


2146 


3754 


334 
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2800aa 


5600sss 


7168s 


1120j, 


8400s 


11200s 


6720s 


2800s 


1344ss 


6480s 


8192s 


2016ss 


2016sss 


7168ss 


896s 




1 

2 
3 
4 
5 
6 
7 
8 




1 
2 
2 


1 








1 
2 


1 

2 


1 
2 
2 
2 
2 
3 


1 












9 




3 


3 






1 


2 


1 


5 


1 












10 




4 


5 




1 


3 


3 





7 















11 


1 


5 


7 




2 


4 


5 


2 


8 


2 


1 










12 


2 


9 


8 




2 


5 


8 


6 


9 


5 


2 






1 




13 


1 


15 


9 




3 


9 


12 


8 


10 


7 


3 






2 




14 


1 


19 


14 




5 


15 


16 


9 


12 


9 


6 






3 




15 


4 


21 


23 




10 


20 


20 


10 


18 


13 


9 






6 




16 


7 


24 


32 




18 


27 


26 


11 


24 


18 


13 






9 


1 


17 


8 


33 


41 




24 


39 


35 


15 


25 


23 


20 


1 


1 


13 


1 


18 


9 


49 


49 


1 


28 


53 


47 


23 


25 


31 


28 


3 


3 


20 





19 


12 


64 


57 


4 


36 
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